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PREFACE 

This  investigation  is  an  outgrowth  of  numerous  requests  to 
calculate  the  characteristics  of  particular  crystal  vibrating 
systems,  each  of  which  required  a  separate  analysis  and 
laborious  computation.  As  the  number  and  complexity  of 
the  problems  increased,  the  value  of  a  thorough  analysis 
covering  all  such  situations  became  obvious.  Accordingly, 
a  general  analysis  of  a  large  class  of  crystal  vibrating  systems 
was  made  and  a  set  of  design  curves  constructed  on  the  basis 
of  this  analysis. 

The  validity  of  the  calculations  was  established  by  ex- 
perimental check  of  the  predictions  based  on  the  curves.  It 
is  believed  that  the  time  and  effort  spent  was  well  justified 
since  the  extremely  slow  procedure  of  building  and  testing 
numerous  experimental  models  has  been  eliminated. 

The  analysis  and  curves  as  presented  here  cover  a  good 
portion  of  the  systems  and  materials  likely  to  be  used.  It  is 
hoped  that  this  has  been  achieved  without  any  sacrifice  of 
compactness  and  convenience  in  use. 

This  project  was  undertaken  under  the  authorization  of 
the  Sonar  Design  Section  of  the  Bureau  of  Ships,  in  connec- 
tion with  development  of  crystal  materials  and  their  appli- 
cation to  Naval  equipment. 
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INTRODUCTION 

This  publication  presents  a  detailed  study  of  crystal  vibrating 
systems  and  design  procedures  essential  to  the  design  of  pro- 
jectors. These  procedures  involve  a  general  set  of  curves  based 
on  fundamental  piezoelectric  relations.  Use  of  the  curves 
reduces  the  computation  required  to  a  simple  and  straightfor- 
ward method,  which  is  adequate  to  cover  any  system  composed 
of  a  piezoelectric  material,  vibrating  in  either  thickness  or 
longitudinal  mode,  in  combination  with  any  backing  system  and 
driving  any  medium.  The  performance  of  other  piezoelectric 
devices  such  as  wave  niters,  blast  gages,  and  accelerometers  can 
also  be  treated  by  following  the  procedures  presented  for 
projectors. 

Part  I  contains  the  design  curves  and  detailed  explanations 
of  their  use.  Particular  systems  using  ADP  and  X-cut  Rochelle 
salt  crystals  are  discussed  as  an  additional  guide  to  the  use  of 
the  curves,  and  to  illustrate  important  changes  in  the  per- 
formance of  the  system  brought  about  by  changes  in  the  design 
or  the  operating  conditions.  Specific  topics  covered  by  the 
design  procedure  include  resonant  frequency,  electrical  input 
impedance,  transmitting  response,  receiving  sensitivity,  and 
efficiency.  Part  I  is  subdivided  into  eight  sections.  Section  1 
is  concerned  with  the  quantity  y,  which  is  used  throughout  the 
remainder  of  Part  I  as  a  parameter.  The  subsequent  sections 
treat  the  specific  topics  mentioned  above. 

Part  II  contains  the  mathematical  analysis  and  the  deriva- 
tions of  the  expressions  used  in  constructing  the  curves  of  Part 
I.  Detailed  study  of  Part  II  is  not  necessary  for  intelligent  use 
of  the  first  Part. 

Appendices  A  and  B  contain  units,  definitions,  symbols,  con- 
ventions, and  tables  and  graphs  of  physical  constants. 
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SECTION  1 
CALCULATION  OF  -< 


The  quantity  7  is  used  throughout  the  design 
curves  as  a  variable.  An  inspection  of  the 
equations  derived  in  Part  II  will  show  that  most 
quantities  to  be  calculated  are  periodic  func- 
tions of  7,  where  7=-y  and 

co=360°For360°iV(10)3, 
N=  frequency  in  kilocycles, 
Z=Length  in  centimeters  of  that  part  of 
the  system  under  consideration,  and 
V=  velocity  of  sound  in   cm /sec  in  the 
part  of  the  system  under  considera- 
tion. 

Because  of  the  periodic  nature  of  the  func- 
tions, we  are  able  to  cover  an  infinite  range  of 
N,  L,  and  V  by  a  plot  of  the  functions  for  one 
period  (0°^7^360°). 

The  curves,  therefore,  cover  only  the  range 
0°^7^360°,  and  the  calculated  7  must  be 
reduced,-  if  it  exceeds  360°,  to  a  positive  angle 
between  0°  and  360°  by  subtraction  of  the 
appropriate  multiple  of  360°. 

Although  it  appears  from  the  definition  of  7 
that  a  simple  slide  rule  calculation  will  suffice, 
the  accuracy  will  be  poor  when  several  multiples 
of  360Q  must  be  subtracted.  The  curves  given 
in  this  section  are  designed  to  eliminate  this 
difficulty.  They  may  be  used  to  obtain  values 
of  7  for  a  large  range  of  the  variables  L,  V,  and 
'.N. 

From  the  first  set  of  curves  given  here  (con- 
sisting of  one  family,  page  5),  we  find  the 
quantity  L'ocL/V.  L  is  plotted  along  the 
horizontal  axis,  V  is  the  parameter  from  curve 
to  curve,  and  L'  is  plotted  along  the  vertical 
axis.  Note  that  the  L  scale  can  be  multiplied 
or  divided  by  any  quantity  if  the  L'  scale  is 
multiplied  or  divided  by  the  same  quantity." 
Three  such  scales  have  been  provided. 

The  second  set  of  curves  (consisting  of  three 
families,  pages  6,  7,  and  8)  gives  the  required 
7  as  a  function  of  L'  and  the  frequency  N. 
Here  7,  in  degrees,  is  plotted  along  the  vertical 
axis,  N,  in  kilocycles,  along  the  horizontal  axis, 
and  L'  is  the  parameter  from  curve  to  curve. 

Points  to  be  noted  in  the  use  of  the  second 
set  are: 
1.  Interpolation  is  exactly  linear. 


2.  The  value  of  L'  obtained  from  the  first  sot 
determines  which  of  the  three  families  of  the 
second  set  is  to  be  used: 

if  L'^Q.l,  use  Family  1,  page  6; 

if  0.1^27^  10,  use  Family  2,  page  7; 

if  27  >  10,  use  Family  3,  page  8. 

3.  For  Family  1  (page  6)  of  the  second  set,  N 
is  plotted  along  the  horizontal  axis  for  values 
from  0  to  100  kc.  7  is  plotted  in  degrees 
along  the  vertical  axis  in  two  scales,  and  two 
corresponding  scales  of  L'  are  tabulated 
along  the  right  as  indicated  by  the  arrows 
at  the  top. 

4.  For  Family  2,  page  7,  N  is  again  plotted 
along  the  horizontal  axis  for  values  from  0 
to  100  kc,  and  7  in  degrees  is  plotted  along 
the  vertical  axis.  The  group  of  dotted 
curves  on  this  graph  gives  7  for  0. 1  ^  L'  ^  1 .0. 
Values  of  L'  from  the  dotted  lines  are  tabu- 
lated on  the  right  just  inside  the  graph. 
The  remaining  curves  apply  to  the  case 
1.0^27^10.  Notice  that  the  curve  for 
27  =  2  has  two  cycles  over  a  range  of  N  from 
0  to  100  kc.     Similarly,  the  one  for  27  =  3 

-has  three  cycles,  and  so  on  to  27  =  10  with 
ten  cycles.  The  interpolation  between  two 
integral  values  of  27. can  be  carried  out  as 
shown  in  the  following  example:  To  find  7 
for  27  =  5.7  and  Ar=36.  First,  choose  the 
closest,  integral  values  of  L'  which  bound 
the  given  value  of  L' .  For  Z'  =  5.7,  the 
bounding  values  will  be  5  and  6.  Then 
starting  from  the  frequency  axis  (7=0), 
move  toward  increasing  values  of  7  along 
the  ordinate  for  the  given  value  of  frequency 
(A7  =  36)  and  read  the  value  of  7  (290°)  at  the 
first  intersection  of  this  ordinate  with  the 
curve  for  the  smaller  integral  value  of  L'  (5, 
in  this  case) .  This  value  of  7  will  always  be 
less  than  360°.  Next,  continue  toward  in- 
creasing values  of  7  (7>290°)  along  the  same, 
ordinate  (ZV=36)  and  read  the  value  of  7 
(417°)  at  the  first  intersection  of  this  ordi- 
nate with  the  curve  for  the  larger  value  of 
L'  (6) .  The  desired  value  of  7  is  then  given 
by  linear  interpolation  [7  =  290°  +  0.7(417°  — 
290°)  =379°].  If  the  resulting  value  of  7  ex- 
ceeds 360°,  it  must  be  reduced  by  subtract- 


ing  360°  (379°-360°=19°).  Values  ob- 
tained from  these  curves  will  never  exceed 
720°  and  may  always  be  reduced  to  the  re- 
quired angle  by  subtracting  360°  when  the 
7  obtained  lies  in  the  range  360°<y^720°. 
5.  For  Family  3  (page  8)  N  is  plotted  along  the 
horizontal  axis  in  ten  scales.  The  range  of  the 
parameter  L'  is  from  10  to  100.  Interpola- 
tion is  the  same  as  for  Family  2. 

To  summarize  the  procedure: 

1.  Knowing  L  (length  in  cm)  and  V  (velocity 
in  cm/sec),  we  read  U  from  Set  1,  page  5. 

2.  With  this  value  of  Lf  we  choose  the  proper 
Family  1,  2,  or  3,  of  Set  2,  pages  6,  7,  8,  and 
from  L'  and  the  given  N  (frequency  in  kc) 
we  obtain  the  value  of  y  (in  degrees)  corre- 
sponding to  the  given  value  of  L,  V,  and  N. 

Table  1  on  page  3  gives  the  longitudinal  bar 
and  bulk  velocities  in  various  solids.  The  ve- 
locity of  sound  in  some  liquids  is  also  given  in 
the  table. 

The  effective  velocity  of  sound,  V,  to  be  used 
in  these  calculations  is  a  rather  complex  func- 
tion of  the  exciting  frequency  and  the  shape 
and,  dimensions  of  the  vibrating  element. 
Very  few  three  dimensional  elastic  solid  prob- 


lems have  been  studied  in  detail,  but  the  fol- 
lowing comments  may  be  used  as  a  guide  in 
obtaining  an  approximate  value  of  the  effective 
velocity  in  the  elements  of  most  of  the  vibrating 
systems  considered  in  this  report. 

1.  For  cylindrical  elements  of  approximately 
circular  or  square  cross  section,  with  free 
sides,  the  effective  velocity  varies  with  the 
ratio  of  diameter  to  wavelength  as  illus- 
trated by  Fig.  la,  page  4. 

2.  For  rectangular  elements  with  free  sides  (for 
example,  crystals)  whose  thickness  is  less 
than  the  width,  the  effective  velocity  for 
the  element  vibrating  in  extension  (not 
thickness)  varies  with  the  ratio  of  width  to 
wavelength  as  illustrated  by  Fig.  lb,  page  4. 

3.  Constraints  on  the  sides  of  the  cylindrical 
elements  have  the  effect  of  increasing  the 
ratio  of  diameter  to  wavelength.  Similarly, 
the  effective  ratio  of  width-to-wavelength 
for  rectangular  elements  is  increased  by 
constraining  the  sides. 

4.  The  velocity  for  a  zero  diameter-to-wave- 
length ratio  is  the  long  bar  velocity  and  the 
velocity  for  an  infinite  diameter-to-wave- 
length ratio  is  the  bulk  (plate)  velocity. 


TABLE  1 
VELOCITIES 


Material 

Longitudinal    bar   veloc- 
ity (cm/sec)  X  10~5 

Bulk  (plate) 
velocity 

(cm/sec.) 

x  io-5 

5.25 

6.4 

3.42 

4.25 

Onn'npr 

3.58 

4.6 

1.25__ 

2.4 

N^rlrpl 

4.76 

5.6 

Steel 

5.05 

6.1 

f-rl  fl  S<*                                                                              _ 

4.5-5.5 

4.9-5.8 

4.9___ 

A  DP  (NHYHoPCM  45°  Z-cut 

3.28 -_- 

4.92 

TWhpllp  Salt  45°  Y-cut 

2.47 

Rochelle  Salt  45°  X-cut_     ' 

See  graph  page  4 

Quartz  "5C-out 

5.44 

5.72 

Tourmaline  Z-cut 

7.54 

Material 

Velocity  cm/sec 
X10-6 

Water  (fresh) 

1.43 

1.51 

1.44 

1.46              ! 

0.75 

0.331 

Water  (sea) 

Alcohol 

Mercury _          _   _     __ 

Pentane_       _       _   _   _ 

Air 

T&. 
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12  3  4 

RATIO  OF  DIAMETER    TO    WAVELENGTH 

Figure  la. — Approximate  variation  of  the  effective 
velocity  in  a  cylindrical  element  of  a  vibrating  system  as 
a  function  of  the  ratio  of  diameter  to  wavelength.  V3 
is  the  bulk  velocity  and  F,  is  the  long  bar  velocity.  For 
most  of  the  metal  backing  materials  the  ratio  F?/Fj  is 
about  0.65. 


— 1 — 

I 
RATIO   OF   WIDTH   TO   WAVELENGTH 

Figure  lb. — Approximate  variation  of  the  effective 
velocity  in  an  element  of  rectangular  cross  section  with 
thickness  less  than  the  width,  as  a  function  of  the  ratio  of 
width  to  wavelength.  Vx  is  the  long  bar  velocity.  Crystals 
are  usually  of  such  size  that  this  curve  is  applicable. 
The  ratio  F2/Fj  can  be  taken  equal  to  0.8  for  most  of  the 
cuts  of  crystals  used. 
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SECTION  2 
RESONANT  FREQUENCY 


In  radiating  systems  (for  example,  many 
underwater  projectors)  where  first  consideration 
must  be  given  to  an  efficient  transfer  of  energy, 
it  is-desirable  to  operate  in  the  neighborhood  of 
a  resonance.  In  other  systems  a  flat  response 
characteristic  is  desired  and  the  system  must 
be  operated  off  resonance.  In  any  case,  the 
position  of  the  resonances  determines  the 
frequency  bands  over  which  the  system  may  be 
operated  for  a  specific  application.  This  is  more 
fully  discussed  in  Section  4. 

The  resonant  frequencies  may  always  be 
determined  from  a  suitable  reactance  curve. 
When,  however,  a  reactance  curve  is  not 
needed,  the  curves  of  this  section  may  be  used  to 
obtain  values  of  the  resonant  frequencies  di- 
rectly. They  apply  to  undamped  systems  com- 
posed of  a  crystal  with  a  single  backing  ma- 
terial on  either  or  both  ends. 

The  curves  given  here  are  divided  into  several 
sets.  The  first  two  sets  are  plotted  particularly 
for  first  and  second  resonances  of  ADP  Crystals 
(NH4H2PO4)  but  also  give  a  good  approxima- 
tion for  Y-cut  Rochelle  salt.  The  last  set  is  for 
determining  all  resonances  of  any  crystal  in 
combination  with  any  backing  material. 

The  first  set  of  curves  (page  12),  consisting 
of  one  family,  shows  the  variation  of  the  first 
resonant  frequency  (in  kilocycles)  of  a  free 
ADP  crystal  as  a  function  of  the  length  of  the 
crystal  and  its  length-to-width  ratio.  The  length 
of  the  crystal  is  plotted  along  the  horizontal  axis 
on  a  reciprocal  scale  for  lengths  of  crystal  from' 
1  cm  to  infinity.  The  frequency  (in  kc)  of  the 
first  resonance  is  plotted  along  the  vertical  axis 
on  a  linear  scale;  the  parameter  from  curve  to 
curve  is  the  length-to-width  ratio. 

The  higher  resonant  frequencies  of  a  free 
crystal  with  infinite  length-to-width  ratio  are 
odd  integral  multiples  of  the  fundamental. 
This  condition  is  effectively  reached  for  Lflw 
~3.0. 

Each  page  of  the  second  set*  (pages  13  to  17) 
applies  to  a  particular  length  of  ADP  crystal 
and  covers  both  the  situation  in  which  plate 


velocity  in  the  backing  material  is  used,  and 
that  in  which  longitudinal  velocity  in  backing 
material  is  used.  The  abbreviations  designate 
different  backing  materials  as  follows:  AL, 
aluminum;  ST,  steel;  BR,  brass,  and  LE,  lead. 
The  subscripts  1  and  2  designate  first  and 
second  resonant  frequency  respectively. 
Length  and  type  of  backing  material  for  obtain- 
ing a  given  first  and  second  resonant  frequency 
may  be  obtained  easily  from  these  curves. 

Interpolation  between  the  longitudinal  and 
plate  cases  is  possible.  See  page  2,  Section  1, 
for  a  discussion  of  the  influence  of  the  ratio 
of  diameter  to  wave  length  on  the  effective 
velocity. 

A  comparison  of  the  curves  for  first  and 
second  resonant  frequencies  shows  that  the 
ratio  of  frequencies  of  second  to  first  resonance 
can  be  varied  through  rather  wide  limits. 

Note  that  lead  is  much  more  effective  in 
lowering  resonant  frequency  than  any  of  the 
other  three  metals,  and  that  aluminum  is  as 
effective  as  steel  in  obtaining  low  resonant 
frequencies  for  backing  lengths  greater  than 
1.5  or  2  cm. 

The  plateaus  occurring  in  the  curves  show  that 
in  certain  regions  the  resonant  frequency  is 
insensitive  to  changes  in  the  length  of  backing 
material.  This  property  is  very  useful  in  design- 
ing systems  in  which  both  the  first  and  second 
resonant  frequencies  are  specified. 

The  third  set  of  curves  (page  18)  consists 
of  one  family  which  can  be  used  to  obtain  the 
resonant  frequencies  in  the  general  case  where 
a  crystal  has  a  single  backing  material  on  one 
end  or  on  both  ends.  This  set  of  curves  is  based 
on  the  following  condition  for  resonance,  which 
is  derived  in  Part  II,  Section  4: 

Tc+«l+«2  =  ^(180°)  (1). 

where  n  takes  on  integral  values.  Setting  n 
equal  to  one  provides  the  condition  for  the 
first  resonance;  n=2  the  condition  for  the  second 
resonance,  etc.  The  subscripts  1  and  2  on  a 
refer  to  material  on  ends  1  and  2  of  the  crystal. 


♦These  curves  are  plotted  for  the  system  free  (not  radiating) .  In  many  systems,  immersion  in  water 
causes  only  a  negligible  shift  in  the  resonant  frequency.  If  it  is  suspected  that  an  appreciable  shift  will  be 
introduced  by  immersion,  an  impedance  curve  should  be  plotted.     See  Section  5. 


By  convention,  end  1  will  be  the  left  end  when 
the  crystal-metal  system  lies  along  the  X-axis. 
7C  (the  subscript  c  denotes  crystal)  is  defined 
in  Section  1  and  may  be  evaluated  from  the 
curves  given  there. 

a  (in  degrees)  is  plotted  along  the  vertical 
axis  as  a  function  of  7  (in  degrees).  The 
parameter  from  curve  to  curve  is  the  ratio  of 

impedances    pi1^(-~)(i=]  ,2),    where    PiVi   is 

Pc  *  c  VW 

the  characteristic  impedance  of  the  material  on 
the  ith  end  of  the  crystal,  pcVc  is  the  charac- 
teristic impedance  of  the  crystal,  and  Ai/Ac  is 
the  ratio  of  areas.  A  table  of  characteristic 
impedances  is  given  on  page  11  of  this  section. 
A  system  using  a  given  crystal  material  with 
a  given  backing  material  on  only  one  end  (let 
us  say  end  l)  may  be  designed  to  have  a  specified 
first  resonance  by  the  following  procedure 
(extension  to  nth  resonance  will  be  discussed 
later):  ; 

1.  Choose  a  convenient  length  of  crystal. 

2.  Evaluate  yc  (Section  1)  for  the  particular 
crystal  material  at  the  desired  resonant 
frequency. 

3.  From  Eq.  (1)  calculate  au  (Since  there  is 
no  backing  on  end  2,  a2  =  0,  and  we  have 
a1=180o-7e.) 

4.  Calculate    the   parameter   ^W  (  ~2T  )'     This 

Pc  *'  c  VW 
ratio  indicates  which  curve  of  the  family 
should  be  used. 

5.  The  appropriate  7  (the  7^  for  the  backing 
material)  is  read  from  the  intersection  of  the 
line  for  ax  and  the  correct  curve  of  the 
parameter. 

6.  Find  the  required  length  (cm)  of  backing 
material  from 

T-  V 

Tl36(W(10)3  cm 

where  TT= velocity  of  sound  in  cm/sec  in  the 
material  on  end  1  (See  page  3  for 
table  of  velocities) 
N=  desired  resonant  frequency  in  kc. 

If  the  crystal  is  to  have  backing  material  on 
both  ends,  the  length  of  one  of  the  backing 
materials  as  well  as  a  length  of  crystal  must 
be  chosen  arbitrarily.  Suppose  the  length  of 
material  on  end  2  is  chosen.    After  y2  has  been 

obtained  from  Section  1  and  the  ratio  ^yt  I  ~r  ) 

PCVC\AC/ 

evaluated,  a2  is  read  from  the  curves  of  Set  5 


page  18.  ax  is  then  given  by  Eq.  (1)  as 
al=  180°-  (7c+«2).  The  length  of  material  for 
end  1  is  determined  as  in  steps  5  and  6  above. 

In  the  event  that  a  calculated  from  Eq.  (1) 
is  negative,  the  value  of  yc  and/or  the  other  a 
(if  not  zero)  must  be  made  smaller  by  choosing 
a  shorter  length  of  crystal  and/or  backing  ma- 
terial. 

The  graph  may  be  extended  to  cover  the 
case  of  the  nth  resonant  frequency,  by  adding 
(n-l)(180°)  to  both  the  horizontal  and  ver- 
tical scales  of  the  family  and  applying  the 
condition 

7c-fa,  +  a2  =  w(180o). 

The  graph  has  scales  for  obtaining  both  first 
and  second  resonant  frequencies.  Inner  scales 
should  be  used  for  first  resonance  and  outer 
scales  for  second  resonance. 

Several  interesting  effects  are  illustrated  by 
the  curves  of  this  set.     The  rapid  rise  of  the 

curves  for  small  7  and  large  ratios  ^y1  ( ~r  ) 

indicates  a  rapid  lowering  of  resonant  fre- 
quency for  small  thicknesses  of  backing  ma- 
terials which  have  a  characteristic  impedance 
larger  than  the  characteristic  impedance  of  the 
crystal.  The  level  portion  near  the  center  of 
the  graph  for  the  same  materials  is  a  region 
where  the  resonant  frequency  is  relatively  in- 
sensitive to  changes  in  length  of  the  backing 
material.  There  is  another  sensitive  region  for 
those  materials  as  7  approaches  180°. 


For  materials  of  small  ratios 


PtVt 


cVc  \AJ 


the 


sensitive  region  is  in  the  center,  and  the  in- 
sensitive region  is  near  the  ends. 

An  important  factor  limiting  the  operation 
of  vibrating  systems  about  a  resonant  fre- 
quency is  the  usable  frequency  band  (usable 
band  width).  For  example,  the  usable  band 
width  about  the  second  resonant  frequency 
varies  from  zero  to  a  band  as  wide  as  that 
associated  with  the  first  resonance.  If  the  de- 
signer wishes  to  operate  the  system  in  the 
region  of  the  second  resonance,  he  should  make 
certain  that  the  band  is  sufficiently  wide  for 
effective  operation. 
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As  the  length  of  backing  material  decreases, 
the  band  width  about  the  second  resonance 
approaches  zero,  so  that  for  a  free  crystal  this 
particular  resonance  has  disappeared  entirely, 
and  the  next  resonance  above  the  first  appears 
at  a  frequency  three  times  that  of  the  first 
resonance. 

See  Section  4  for  a  fuller  discussion  of  band 
widths. 

Obviously,  the  third  set  of  curves  in  this 
section  may  also  be  used  to  obtain  the  resonant 
frequency  of  a  system  of  given  dimensions. 
For  this  purpose,  a  curve  of  resonant  frequency 


versus  length  of  one  of  the  elements  must  be 
plotted.  Points  for  such  a  curve  are  obtained 
as  follows: 

1.  Assume  an  arbitrary  value  for  the  resonant 
frequency. 

2.  Choose  the  length  of  some  convenient  ele- 
ment of  the  system  as  a  variable  and  solve 
for  this  length  as  previously  described. 

3.  Vary  the  assumed  resonant  frequency  and 
calculate  another  length. 

Two  or  three  points  obtained  in  this  manner  are 
usually  sufficient  to  locate  the  resonant  fre- 
quency of  the  given  system. 


TABLE  2 
CHARACTERISTIC  IMPEDANCE  (PD 

SOLIDS  AND  LIQUIDS 


Material 

Density  p 

Characteristic 
impedance  pV 
(bar  velocity) 

Characteristic 
impedance  pV 
(plate  velocity) 

Aluminum 

Brass 

g\cm6 
2.65 
8.5 
8.93 
11.4 
8.9 
7.8 
2.  5-5.  9 
1.74 

g/(cm2sec.)                  g/(cm2sec.) 

1.39(10)6  ;           1.  70(10)6 
2. 90           ,            .3.  61 
3.20                        4.11 
1.  42                        2.  73 
4.  23                        4.  98 
3.  93                        4.  76 
1.12-3.2                  1.2-3.4 
0.85 

Copper 

Lead 

'  Nickel 

Steel 

Glass 

Magnesium 

Water  (fresh) -. 

Water  (sea) :._ 

Alcohol 

Pentane 

Mercury 

1.00 
1.00 
0.  79 
0.70 
13.6 

1.43(10)5  | 
1.55 
1.  14 
0.53 
19.8             | 

Air ■ 1.  29(10)~3            43 

CRYSTALS 


Plated  crystal 

Density  p 

Characteristic 
impedance  pV 
(bar  velocity) 

45°  Z-cut  ADP__ 

g/cm3 
1.80 
1.77 

1.77 
2.65 
2.  98-3.  2 

g/(cm2sec.) 
5.  90(10)5 
4.37 

Use  graph  page  4 
14.4 

45°  Y-cut  Rochelle_ 

45°  X-cut  RochehV 

X-cut  Quartz 

Z-cut  Tourmaline 
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SECTION  3 

ACOUSTIC  IMPEDANCE  OF  BACKING  MATERIAL 
COMBINATIONS 


In  any  crystal  system  the  resonant  frequency, 
electrical  input  impedance,  and  response  are 
determined  to  a  great  extent  by  the  mechanical 
systems  to  which  the  crystal  is  coupled.  Both 
the  type  of  material  and  the  geometrical  con- 
figuration of  the  coupled  system  must  be 
considered . 

One-dimensional  mechanical  systems  are  con- 
veniently characterized  by  the  acoustic  imped- 
ance, defined  by  Z=P/£,  where  P  is  the  force 
per  unit  area  (stress)  and  £  is  the  particle 
velocity.  * 

The  curves  of  this  section,  which  are  divided 
into  two  sets,  permit  the  evaluation  of  the 
•acoustic  impedance  of  single  or  multiple-mate- 
rial backing  systems.  The  first  set  (consisting 
of  two  families,  pages  23  and  24)  is  for  use  with 
single-material  backing  systems  terminated  in 
a  pressure  release  material,  such  as  air  or  cork, 
and  the  second  set  (consisting  of  one  family, 
page  25)  is  for  use  in  evaluating  the  impedance 
of  multiple  systems  and  of  single  systems  not 
terminated  in  zero  impedance.  Obviously,  this 
second  set  could  also  be  used  for  all  single- 
material  systems. 

A  table  of  the  necessary  physical  constants 
is  given  in  Appendix  B. 

The  first  set  of  curves,  pages  23  and  24,  shows 
the  variation  of  the  quantity  GleUi  plotted  on  a 
logarithmic  scale  along  the  vertical  axis  as  a 
function  of  ym  in  degrees  (obtained  from  Section 
1).    ym  is  the  y  of  the  backing  material.    Glc= 


JyL(  a"  )*s  ^e  parameter  from  curve  to  curve. 


The  quantity  {GiJJi)  is  the  acoustic  impedance 
of  the  backing  material  at  the  crystal  interface 


multiplied   by  (  j? )    ~y  where  AJA 


the 


ratio  of  the  area  of  backing  material  driven  by 
the  crystal  to  the  area  of  the  crystal,  and  pcVc 
is  the  characteristic  impedance  of  the  crystal 
(See  Table  2,  page  11,  for  values).  If  the  ratio 
AJAC  deviates  very  far  from  unity,  an  estimate 


should  be  made  of  the  effective  area  driven  by 
the  crystal.  This  will  not  coincide  with  the 
geometric  area.  In  general,  elements  of  widely 
different  areas  should  be  joined  not  directly 
but  by  inserting  a  smoothly  tapered  section 
between  them. 

Four  different  scales  are  given  for  ym,  and 
Gicll]  has  four  corresponding  scales: 
For       0°^7m^    90°,  read  the  values  for  GicUt 
as  positive; 
90°^ ymS  180°,  read  the  values  for  GleUx 
as  negative; 
180° ^7*^270°,  read  the  values  for  GUUX 

as  positive; 
270°^7to^360°,  read  the  values  for  GlcU{ 
as  negative. 
To  obtain  values  of  GlcUi  for  values  of  GXc 
not  shown  on  the  curves,  the  given  values  of 
G,c  can  be  divided  or  multiplied  by  any  number 
if  the  vertical  scale,  GlcUu  is  also  divided  or 
multiplied   by   the   same  number.     The  hori- 
zontal scale  (ym)  remains  unchanged. 

The  second  set  of  curves  shows  the  variation 
of  the  quantity  XJpiVi  plotted  along  the 
vertical  axis  as  a  function  of  yf,  plotted  in 
degrees  along  the  horizontal  axis.  The  param- 
eter   from    curve    to    curve    is    the    quantity 

— W\~~r~~)'  ii  is  plotted  in  two  scales, 
0° ^7^180°,  and  180° ^7i£  360°.  When  using 
the  vertical  scale,  it  should  be  noted  that  for 
vames  of  Xf/PiVi£—  0.1  and  Xi/piV^ +0.1  a 
logarithmic  scale  is  used,  and  for 
—  0.1  5^  XiJpiViS  +0.1  a  linear  scale  is  used. 
This  method  enables  one  to  plot  the  entire 
range  of  values  of  Xi/piVf  on  one  sheet.  The 
scale  for  the  linear  part  of  the  curve  was  chosen 
to  make  the  slope  continuous. 

A  repetitive  procedure  is  followed  in  using 
this  set.  Note  that  the  zero  boundary  is  the 
first  boundary  on  the  right.  This  places  the 
nth  boundary  to  the  left  of  the  nth  material. 
The  diagram  (Fig.  2)  illustrates  the  convention. 

X0  is  the  input  reactance  per  unit  area  into 
the  medium  on  the  right  of  the  first  backing 
material.  Xo=0  if  the  medium  is  a  pressure-, 
release    material.     Xt    is    the    acoustic    input 


*See  P.  M.  Morse— Vibration  and  Sound,  Chapter  VI,  McGraw-Hill  Book  Co. 
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impedance  into  the  ith  material  at  the  ^th 
interface.  In  general,  if  the  total  reactance 
at  the  zero  boundary  is  X0T  and  the  effective 
area  of  the  medium  driven  by  the  material  at 
this  boundary  is  A0T,  then  X0=X0T/A0T.  Using 
the  constants  of  the  system  and  the  calculated 

"-'—?»-  is  evaluated  for 


i> 


X0,  the  parameter,  — y  i  -^ 

the  first  material  (i=l),  and  the  curves  of  this 
set  are  used  to  find  the  value  of  XJpiVy  The 
required  7  is  obtained- from  Section  1.  Multi- 
plying XJpiVi  by  ^y\^1)  gives  tne  value  of 

X  /A  \    ■ 
the  parameter  —yi  V  )  to  be  used  in  calcu- 
lating  X2IP2V2,   which  is   then  multiplied  by 

^rr(  it  I  to   obtain   the  next  parameter,  etc. 

p3  V/3\A3/ 

The  process  is  repeated  as  often  as  necessary  to 
obtain  XJPnVn.  Multiplying  Xn/p„V„  by 
jpnVn  gives  the  reactance  per  unit  area. 

In  projector  design  it  is  convenient  to  use  the 
quantity  GlcUu  which  is  the  load  per  unit  area 
of  the  crystal  divided  by  the  characteristic 
impedance  of  the  crystal,  and  is  given  in  terms 
of  Xn/pnVn  by  the  following  relation: 


where  pnVn  is  the  characteristic  impedance  of 
the  medium  next  to  the  cyrstal,  An  is  the  area 
of  the  medium  (per  crystal)  next  to  the  crystal, 
pcVc  is  the  characteristic  impedance  of  the 
crystal,  Ac  is  the  area  of  the  crystal,  and 
XJpnVn  is  the  quantity  obtained  from  the 
cxirve.  Notice  that  if  the  areas  of  the  backing 
materials  are  all  equal,  all  ratios  A^/At—l 
with  the  possible  exception  of  AJAi. 

The  following  form  of  table  (Fig.  3)  has  been 
found  convenient  in  recording  values  obtained 
from  these  curves. 

Input  impedances  have  been  calculated  for 
the  three  systems  given  below  to  illustrate  the 
use  of  the  curves.  See  Table  3  for  a  sample 
table  of  calculations,  and  page  22  for  a  com- 
parison of  the  impedances.  Additional  illustra- 
tions are  furnished  by  the  curves  of  particular 
systems  in  Section  8.  The  following  systems 
are  free  on  one  end. 

Example  1:  Calculate  the  input  impedance 
per  unit  area  into  the  steel  end  of  a  steel- 
aluminum  combination  as  illustrated  in  Fig. 
4-a.  The  effective  velocity  here  is  the  longi- 
tudinal bar  velocity. 

The  calculations  are  given  in  Table  3  on  page 
21,   and  the  quantity  X2/P2V2  (the  input  im- 
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Figure  3. — Table  illustrating  arrangement  of  work. 
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pedance  of  the  system  divided  by  the  character- 
istic impedance  of  steel)  is  plotted  on  page  22 
as  a  function  of  frequency. 

Example  2:  Calculate  the  input  impedance 
per  unit  area  into  the  aluminum  end  of  the  same 
combination  as  Example  1  (see  Fig.  4-b).  The 
quantity  plotted  on  page  22  is  X2/p2V2  where  p2V2 
is  the  characteristic  impedance  of  aluminum. 

Example  8:  Calculate  the  input  impedance  per 
unit  area  into  the  aluminum  end  of  the  alu- 
minum-lead system  illustrated  in  Fig.  4c. 
Longitudinal  bar  velocity  is  again  the  effective 
velocity.  The  quantity  X2/p2V2  is  plotted  on 
page  22. 

Notice  that  the  input  impedance  in  this 
system  is  the  same  from  either  end  because  the 
characteristic  impedances  of  lead  and  aluminum 
are  practically  equal  when  the  longitudinal  bar 
velocities  are  used. 
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0.5  CM. 

ALUM. 
0.5  CM. 

(a) 


ALUM. 
0.5  CM. 

STEEL 
0.5  CM. 

(b) 


ALUM. 
0.5  CM. 

LEAD 
0.5  CM. 

(C) 

Figure  4. 


TABLE  3 

Z,!=:0.5  cm.;X1/=0.096 
i2=0.5  cm.;  Za' =  0.100 
Pi  Vi/p2V2=  0.354;  A/A2=1.0 


N 
freq.  Kc. 

7i 

72 

X0 

Xi 
PiVy 

p2V2\A2J 

x2 

P2V2 

X2  /A2\ 
PcVXaJ 

10 

15 

20 

25 

30.__ 

35 

40 .,___ 

45 

50 

55 

60 

65__: 

70 

75 

80 

85 

90 

95 

100____ 

3.4 
5.  1 
6.9 
8.6 
10.4 
12.  1 
13.8 
15.5 
17.2 
19.0 
20.7 
22.4 
24.  1 
25.9 
27.6 
29.4 
31.0 
32.8 
34.5 

4.0 
5.5 
7.0 
9.0 
11.0 
12.5 
14.0 
16.0 
18.0 
20.0 
21.5 
23.5 
25.0 
27.0 
29.0 
30.5 
32.0 
34.0 
36.0 

0     . 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0.06 
.09 
.  12 
.  145 
.  18 
.215 
.25 
.285 
.315 
.35 
.38 
.41 
.44 
.49 
.52 
.56 
.60 
.65 
.69 

0.02 
.03 
.04 
.05 
.06 
..08 
.09 
.10 
.  11 
.  12 
.13 
.  14 
.15 
.17 
.  18 
.20 
.21 
.23 
.24 

0.  10 
.  13 
.  17 
.22 
.26 
.30 
.37 
.41 
.46 
.53 
.56 
.61 
.66 
.75 
.81 
.88 
.96 
1.07 
1.20 

0.73 
.95 
1.24 
1.60 
1.89 
2.  18 
2.69 
2.98 
3.35 
3.86 
4.08 
4.44 
4.80 
5.46 
5.90 
6.41 
7.  00 
7.79 
8.74 
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SECTION  4 

RESONANT  FREQUENCIES  OF  SYSTEMS  WITH 
MULTIPLE-MATERIAL  BACKING 


In  Section  2  curves  are  given  for  obtaining 
the  resonant  frequencies  of  a  system  in  which 
the  crystal  is  coupled  to  a  single  backing 
material.  However,  in  designing  a  system  to 
have  several  given  resonant  frequencies  and 
given  band  widths  about  these  frequencies,  a 
combination  of  several  backing  materials  is 
often  desirable.  This  section  enables  the 
designer  to  evaluate  the  electrical  resonant 
frequencies  of  these  multiple  systems  and  to 
obtain,  at  the  same  time,  values  for  the  approxi- 
mate band  widths  of  the  transmitting  response 
and  receiving  sensitivity. 

Curves  of  the  resonant  frequency  of  the  sys- 
tem as  a  function  of  the  elastic  constant  of  one 
of  the  components  of  the  system  may  also  be 
plotted.  Such  curves  are  useful  in  determining 
elastic  constants  dynamically  when  the  material 
to  be  measured  cannot  be  fastened  directly  to 
the  crystal.  They  also  enable  one  to  choose  a 
configuration  for  which  the  resonant  frequen- 
cies of  the  system  are  sensitive  to  changes  in 
the  elastic  constant  of  the  material  under 
measurement. 

To  find  the  resonant  frequencies  of  undamped 
systems  with  multiple  backing,  the  curves  of 
this  section  (consisting  of  a  single  family,  page 
32)  must  be  used  with  those  on  acoustic  im- 
pedance (Sets  6,  7)  given  in  Section  3. 

A  damping  medium  usually  has  a  negligible 
effect  on  the  resonant  frequency,  but  if  it  is 
necessary  to  consider  the  shift  caused  by 
damping,  the  methods  of  Section  5  are  appli- 
cable. 

The  motional  reactance  X0/Z0  (see  Part  II, 
Section  2  for  theory)  is  plotted  on  page  32  as  a 
function  of  yc  (obtained  from  Section  1).  The 
quantity  G%c  (tabulated  in  the  upper  left  corner) 
is  determined  by  the  medium  into  which  the 
system  is  radiating.  When  the  radiation  is 
zero,  G2c=0.  The  parameter  from  curve  to 
curve  is  the  quantity  GUUX,  defined  in  the  pre- 
ceding section.  Curves  for  evaluating  this 
quantity  are  given  in  Section  3. 

Notice  that  the  curves  are  labeled  only  for 
positive  values  of  the  parameter  GXcUx.  With 
these  positive  values  the  inner  scales  along  the 


axes  should  be  used;  that  is,  the  scales  in  which 
yc  increases  from  left  to  right  and  X0/Z0  in- 
creases from  the  bottom  of  the  page  to  the  top. 
For  negative  values  of  GlcUi  the  two  outer 
scales  for  yc  and  X0/Z0  are  used. 

The  positions  of  the  Vertical  asymptotes  of 
the  X0/Z0  curves  are  indicated  ori  the  horizontal 
axis  by  dotted  lines  and  appropriate  labels. 

Figure  5  shows  a  convenient  arrangement  for 
the  work. 


N  kc. 

Jc 

GM 

Xq/Zq 

Figure  5. 

The  family  of  curves  given  in  this  section  is 
used  to  obtain  a  single  curve  of  XQ!Z0  vs.  N 
for  the  particular  system  under  consideration. 
The  positions  of  the  zeros  of  this  X0/Z0  curve 
give  the  resonant  frequencies  of  the  system. 
The  asymptotes  of  this  curve  locate  the  ap- 
proximate positions  of  the  minima  in  the 
transmitting  response  and  in  the  receiving 
sensitivity.  Since  each  resonant  frequency  is 
enclosed  between  two  such  minima,  it  is  clear 
that  the  spacings  of  the  minima  determine,  to  a 
great  extent,  the  usable  band  width  about  each 
resonant  frequency. 

For  the  effect  of  radiation  on  resonant  fre- 
quency and  for  more  complete  information  on 
band  widths  Section  5  should  be  consulted. 

The  curves  on  pages  28,  29,  and  30  show  the 
motional  reactance  for  several  particular  sys- 
tems. Relative  band  widths  can  be  obtained 
by  considering  the  spacings  between  the 
minima. 

The  curves  on  page  28  illustrate  the  change 
in  reactance  with  length  of  backing  material  for 
a  single  backing  material  (lead). 

The  curves  on  page  29  compare  the  effect  of 
a  double  backing  material  (aluminum  and  lead) 
with  the  effect  of  an  equal  length  of  either  of 
the  materials  separately,  when  the  velocities  for 
the  two  materials  are  identical  although  the 
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separate  densities  and  velocities  differ.  Note 
that  in  this  example  there  is  a  shift  of  the  second 
resonance  but  no  shift  of  the  first  resonance. 

The  curves  on  page  30  compare  the  resonant 
frequencies  of  a  double  backing  material  system 
composed  of  steel  and  aluminum  when  the  cry- 
stal is  attached  to  the  steel,  with  the  resonant 


frequencies  of  the  system  when  the  crystal  is 
attached  to  the  aluminum.  Calculations  for 
these  curves  are  found  in  table  4.  The  calcu- 
lated first  and  second  resonant  frequencies  for 
a  single  backing  material  of  the  same  overall 
dimensions  are  tabulated  on  page  30  for 
comparison. 


TABLE  4 

ADP 

£==2.5  cm 

ADP 

Z=2.5  cm 

Aluminum 

X—  0.5  cm 

Steel 

Z=0.5  cm 

Steel 

L--Q.5  en 

L 

Aluminum     Z=0.5  cm 

t 

Nkc      ■ 

7c  dog 

-    Gulh 

x0/z0 

Nkc 

7c  deg 

GieUl 

Xo/Zo 

10 

30 

0.67 

-1.84 

10 

30 

0.73 

-1.84 

15 

45 

0.87 

-1.  10 

15 

45 

.95 

-1.  10 

20 

60 

1.23 

-0.71 

20 

60 

1.24 

-0.70 

25 

75 

1.59 

-0.46 

25 _•:_ 

75 

1.60 

-0.46 

30 

90 

2.  11 

-0.24 

30 

90 

1.89 

-0.25 

35 

105 

2.49 

-0.08 

35 

105 

2.  18 

-0.08 

40 

120 

3.29 

-0.15 

40 ..... 

120 

2.69 

-0.09 

45 

135 

3.  60 

0.32 

45 

135 

2.  9fc 

0.26 

50 

150 

4.37 

0.56 

50 

150 

3.35 

0.44 

55 

165 

5.  14 

0.90 

55 

165 

3.86 

0.72 

60.. 

180 

6.68 

1.7 

60 

180 

4.08 

1.0 

65 

•195 

8.48 

4.0 

65 

195 

4.44 

1.69 

70 

210 

10.5 

70 

210 

4.80 

3.  1 

75 

225 

15.4 

—  1.7 

75 

225 

5.46 

80___ 

240 

21.  1 

-0.75 

80 

240 

5.90 

-1.8 

85 

255 

85 

255 

6.41 

-0.8 

90... 

270 

90 

270 

7.00 

-0.2 

95 

285 

95 

285 

7.79 

0.  16 

100_ 

300 

-19.0 

-0.58 

100 

300 

8.74 

0.62 
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SECTION  5 

ELECTRICAL  INPUT  IMPEDANCE 

TRANSMITTING   RESPONSE 


For  any  crystal  system  the  electrical  input 
impedance  characteristics  (motional  and  total) 
can  be  used  directly  to  obtain  values  of  such 
quantities  as  resonant  frequencies,  sharpness  of 
tesonance,  usable  band  widths,  and  transmit- 
ting response.  In  addition,  a  knowledge  of  the 
electrical  input  impedance  characteristics  is 
necessary  for  the  design  of  a  suitable  driver 
and  coupling  circuits. 

The  curves  of  this  section  yield  both  motional 
input  impedance  and  total  input  impedance. 
The  range  is  sufficient  to  cover  all  values  of 
both  the  density  and  the  elastic  constants  of 
the  crystals,  the  backing  materials,  and  the 
driven  medium. 

It  is  convenient  first  to  describe  the  curves 
roughly,  and  then  to  indicate  directions  for 
their  use  by  a  single  example.  Following  this, 
effects  resulting  from  varying  certain  quantities 
are  discussed  and  illustrated  by  examples. 

The  curves  of  this  section  are  divided  into 
five  main  sets,  pages  63  to  101.  The  first 
three  sets  are  concerned  with  the  quantities 
R0/Z0  and  X0/Z0  (see  Part  II,  Section  2  for 
theory).  Electrical  resistance  and  reactance 
(motional)  in  ohms  are  obtained  by  multiply- 
ing Ro/Zo  and  X0/Z0  by  Z0/cp2: 


Zt=Ri+jXt- 


Zq/Rq  .  jX0 

"<p\zJz0. 


where 
Zt  =the    motional    impedance    per    crystal; 
that  is,  the  contribution  of  the  mechani- 
cal motion  of  the  crystal  to  the  electrical 
impedance. 
Z0=pcVcAc,  the  characteristic  impedance  of 
the  crystal  multiplied  by  the  area  of  the 
crystal, 
<p=(d/s)lw, 

lw= width  of  the  crystal,  and 
(d/s)  =  a  constant  for  any  specific  cut  of  a  par- 
ticular   crystal    (d    is    the    piezoelectric 
constant  and  s  is  the  elastic  constant). 
The  first  set  of  curves  (consisting  of  twelve 
families,  pages  63  to  74)  shows  the  variation  of 
R0/Zo  plotted  on  a  linear  scale  along  the  vertical 
axis  as  a  function  of  yc,  in  degrees  (obtained 


from  Section  1)  plotted  along  the  horizontal 
axis.  The  parameter  from  curve  to  curve  is 
GuUh  the  impedance  load  of  the  backing 
material  per  unit  area  of  crystal  divided  by  the 
characteristic  impedance  of  the  crystal.  The 
values  of  GXcUx  are  obtained  from  Section  3 
on  the  acoustic  impedance  of  backing  material 
combinations.  The  range  of  G^Ut  on  the 
curves  is  from  0  to  oo .  When  GlcUt  is  positive, 
use  the  yc  scale  which  varies  from  0°  to  360° 
from  left  to  right;  when  GlcUi  is  negative, 
consider  the  signs  of  the  labels  negative  and 
use  the  yc  scale  which  varies  from  0°  to  360° 
from  right  to  left. 

The  parameter  from  family  to  family  is  G2c, 


defined  by  G2c~- 


PwVw. 


e.,  the  ratio  of  the 


characteristic  impedance  of  the  driven,  medium 
to  the  characteristic  impedance  of  the  crystal. 
A  family  of  curves  is  given  for  each  of  twelve 
values  of  G2e  from  0.1  to  10.  It  is  suggested 
that  instead  of  trying  to  interpolate  between 
families  the  designer  choose  a  family  on  each 
side  of  the  given  value  of  G2c,  draw  two  charac- 
teristic curves  of  R0/Z0,  and  interpolate  between 
these.  A  table  of  characteristic  impedance 
values  is  given  on  page  11,  Section  2. 

The  example  to  be  used  as  an  illustration  is  as 
follows:  1,000  ADP  crystals  are  mounted  on 
high  Q  lead  alloy  backing  units.  The  dimen- 
sions of  the  composite  units  are  such  that  the 
longitudinal  velocity  is  realized.  Crystals  are 
2.5  cm  long,  1.0  cm  wide  and  0.5  cm  thick.  The 
lead  backing  is  0.25  cm  thick.  The  medium 
driven  is  water.  The  units  are  coupled  to  the 
driver  through  a  cable  which  has  a  capacity  of 
2.00(10)"8  farads  and  a  Q  of  50.  We  now 
calculate  the  input  impedance  and  transmitting 
response. 

The  value  of  G2c  for  the  example  is  0.26.  For 
accurate  results,  we  should  plot  curves  of 
R0/Z0  vs.  frequency  (N)  for  values  of  G2c=0.2 
and  G2c=0.3  and  interpolate  for  the  inter- 
mediate value  G2c=0.2G.  This  method  is  often 
simpler    than    direct    interpolation    between 
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families  of  R0/Z0  vs.  yc  curves.  Since  our 
example  was  chosen  only  to  illustrate  the 
essential  steps  in  obtaining  the  characteristic 
curves,  we  will  use  the  family  for  6r2c  =  0.3  and 
ignore  the  interpolation.  This  curve  (R0/Z0  vs. 
N)  is  plotted  on  page  38,  and  the  work  is 
arranged  as  in  Table  5,  page  41. 

Each  curve  for  R0IZ0  has  a  peak  somewhere  in 
the  range  180°  ^yc^  360°  (for  positive  GuUi), 
which  at  times  makes  interpolation  in  this 
region  difficult.  The  second  set  of  curves  (page 
75  to  86)  is  a  plot  of  R0/Z0  on  a  log  scale  for  yc 
between  180°  and  360°  for  positive  GXcUx,  (or 
between  0°  and  180°  for  negative  QiJJ^.  The 
log  scale  permits  the  entire  peak  to  be  plotted, 
thus  aiding  interpolation.  There  are  twelve 
families,  one  corresponding  to  each  family  of  the 
first  set.  The  parameters  and  the  methods  of 
using  the  curves  are  exactly  similar  to  those  of 
the  first  set.  Even  with  this  set,  accurate 
interpolation  near  the  peak  \  is  not  always 
possible  but  since  the  peaks  occur  in  the  "anti- 
resonant"  region  (or  region  of  low  transmitting 
response),  the  positions  are  of  more  interest 
than  the  actual  heights. 

The  third  set  of  curves  (pages  87  to  99),  con- 
sisting of  thirteen  families,  shows  the  variation 
of  X0IZ0  plotted  along  the  vertical  as  a  function 
of  7C  (obtained  from  Section  1)  plotted  along 
the  horizontal.  GXcUx  is  the  parameter  from 
curve  to  curve  and  G2c  is  the  parameter  from 
family  to  family.  It  should  be  noted  that  in 
this  set  the  inner  scales  of  yc  and  X0/Z0  are  used 
with  positive  values  of  GXcUx,  and  the  outer 
scales  are  used  with  negative  values  of  GXcUx. 
Certain  sections  of  several  of  the  families  have 
been  enlarged  on  the  lower  right  hand  side  of- 
the  same  sheet. 

In  our  illustrative  example  we  again  use  the 
sheet  for  6r2c= 0.3.  For  this  particular  example, 
the  XJZ0  vs.  N  curve  for  the  projector  radiating 
is  almost  identical  with  the  X0/Z0  curve  for  the 
free  projector  (i.  e.,  in  a  vacuum,  G2c=0). 
XolZ0  vs.  ./Vis  plotted  on  page  38,  and  the  work 
is  arranged  as  in  Table  5,  page  41. 

To  obtain  the  components  of  the  motional 
impedance  in  electrical  ohms,  multiply  the 
quantities  i?o/Z0  and  X0/Z0  by  Z0/<p2:  Using 
MKS  units  (coulombs/meter2)  for  d/s  (see  Table 
8  on  page  59),  and  expressing  lw  in  meters,  then 


<P,   equal  to    (djs)lw    will  be  in  MKS  units  of 

coulombs/meter.      For   this   example   ^  =  0.49- 

(10)-2.     To  convert  Z0=PcVcltlw  from  the  cgs 

system  to  the  MKS  system,  multiply  the  value 

of  Z0  in  grams/sec  by  (10)~3.    For  the  example, 

Z0=(10)-3  5.9(10)5(1)(0.5) 

=  2.9(10)2  kg/sec, 

2.9(102) 
Z0/<p2=n  O^nm_4=l.l(10)7  ohms 


tnd 


0.25(10) 

After  the  motional  impedance  per  crystal  has 
been  expressed  in  units  of  electrical  ohms,  the 
motional  impedance  of  the  crystal  combination 
is  obtained  and  is  then  combined  with  the 
impedance  of  the  purely  electrical  elements 
(C0T,  coupling  network)  to  obtain  the  total 
electrical  input  impedance  (ZT)  of  the  system. 
The  equations  have  been  set  up  in  such  a  way 
that  the  impedance  components  due  to  motion 
(Rtm,Xtm)  are  coupled  to  the  electrical  system 
as  illustrated  in  Fig.  6  (see  Part  II,  Section  2, 
for  theory). 


ZT 


r;m+jx; 


Figure 


C0T  represents  the  longitudinally  clamped 
capacity  of  the  crystal  combination.  A  table 
of  dielectric  constants  for  several  cuts  of  various 
longitudinally  clamped  crystals  is  given  on 
page  59  of  this  section.     The  capacity  can  be 

KA 

calculated  by  using  the  formula  C0=j-j>  where 

K=  dielectric  constant 

^L=area  of  crystal 

1 1  =  distance  between  the  electroded  faces 

If  iTis  used  as  the  ratio  of  the  dielectric  constant 
of  the  crystal  to  the  dielectric  constant  of  air, 
and  1 1  is  expressed  in  cm,  the  capacity  C0  will  be 
in  units  of  cm.  C0  can  be  converted  to  farads 
by  multiplying  by  l.l(lO)-12  or  to  micromicro- 
f arads  by  multiplying  by  1.1.  For  the  particu- 
lar example  under  discussion: 

14.0(2.5) (1.0) 
4vr(0.5) 

or  6. 13(10)"12  farads. 


a 


5.57  cm 
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RL+  JX-t 


RL+  iXi 


+  jXi 


Figure  7. 


Consider  the  example  illustrated  by  Fig.  7. 
It  consists  of  a  number  of  exactly  similar  crystal 
systems  in  parallel  coupled  to  a  driver  through  a 
cable  of  paralled  electrical  components  Cx  and 
Ex.  A  resistance  would  in  general  be  in  parallel 
with  C0  because  of  the  finite  conductivity  of  the 
crystal  and  dielectric  loss  in  the  glue,  but  in 
many  cases  it  can  be  neglected.  In  evaluating 
the  electrical  input  impedance  of  a  system  such 
as  that  in  Fig.  7,  it  is  convenient  to  change  the 
impedances  to  admittances,  add  the  parallel 
admittances,  and  then  change  back  to 
impedance. 

To  facilitate  this,  evaluation,  two  sets  of 
curves  are  given  in  this  section  on  pages  100 
and  101 .  The  first  set  (consisting  of  one  family, 
page  100)  is  an  impedance-admittance  transfor- 
mation chart,  i.  e.,  the  transformation  G—jB= 
l/(R-\-jX).  The  plot  is  on  log-log  paper  so 
that  it  may  cover  a  wide  range  of  values  of  the 
ratio  of  one  component  to  the  other  (from  0.001 
to  1000).  On  this  chart,  the  variables  R  and  X 
are  plotted  along  the  horizontal  and  vertical 
scales  respectively,  and  the  curves  of  constant 
G  and  constant  B  form  the  sets  of  intersecting 
curves.  The  curves  of  constant  G  meet  the 
horizontal  axis  at  right  angles  and  the  curves 
of  constant  B  meet  the  vertical  axis  at  right 
angles.  The  chart  gives  only  the  positive  value 
of  the  components,  but  the  proper  sign  can  be 
determined  by  noting  that  in  changing  from 
impedance  to  admittance,  or  vice  versa,  the 
sign  of  the  imaginary  component  in  the  result  is 
the  opposite  of  that  in  the  given  quantity.  The 
range  of  values  of  R  and  X  shown  explicitly  on 
the  scale  of  the  chart  is  0.10  to  100  and  the 


range  of  G  and  B  is  0.0000125  to  4.0.  However, 
R  and  X  scales  can  be  multiplied  by  any  power 
of  ten  if  the  G  and  B  scales  are  divided  by  the 
same  power  of  ten. 

The  second  set  of  curves  for  use  in  combining 
impedances  is  given  on  page  101.  These  are 
graphs  of  the  admittance  of  condensers  of 
various  sizes. as  a  function  of  frequency. 

Table  6  (page  42)  shows  the  arrangement  of 
the  work  for  the  illustrative  example.  The 
graph  on  page  39  is  a  plot  of  the  series  com- 
ponents of  the  input  impedance. 

The  transmitting  response  of  the  crystal 
system  may  be  calculated  from  the  components 
of  the  input  impedance.  i  One  convenient 
definition  for  transmitting  response  is  the 
acoustic  power  output  at  a  specified  point  of 
the  system  per  unit  current  input.  This 
quantity  can  be  determined  by  first  obtaining 
the  current  through  the  motional  resistance 
RTM  for  unit  current  into  the  system  and  then 
applying  the  power  formula  P=i2RTM.  For  a 
particular  system  such  as  Fig.  7,  where  the 
Rt-\-jXi  are  in  parallel  with  the  other  electrical 
elements  of  the  network  (i.  e.,  the  voltage  E 
applied  to  the  system  is  also  the  voltage  across 
the  impedances  Rt-\-jXi),  the  expression  for 
power  output  per  unit  current  input  takes  the 
following  form: 

Gtm\J3tm 


But 


P=Ri 


Ri 


G$+Bl 


G7 


G\M+B\ 


~G£+B$ 

The  quantities  Gtm+JBtm,  Gt,  and  BT 
have  already  been  obtained  in  the  evaluation 
of  the  input  impedance  so  that  the  transmit- 
ting response,  P,  follows  immediately.  For 
our  example  the  arrangement  of  the  work  is 
illustrated  by  Table  7,  page  43,  and  the  trans- 
mitting response  appears  on  page  40.  Note 
that  the  transmitting  response  has  been  plotted 
in  decibels  above  1  watt.  A  db.  chart  appears  on 
page  62  of  this  section. 

If  the  transmitting  response  is  to  be  expressed 
as  pressure  amplitude  on  the  axis  at  a  specified 
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distance,  this  can  be  obtained  from  the  beam 
pattern  and  the  transmitting  response  expressed 
in  total  power  output.  We  use  the  beam  pat- 
tern to  obtain  the  ratio  (D)  of  total  power 
radiated  {fids)  to  that  which  would  be  radiated 
if  the  intensity  were  everywhere  equal  to  the 
intensity  along  the  axis  of  the  main  beam 
(fIAds  =  4wr2IA),  i.  e. 


D-- 


flds 

4irr2iY 


(1) 


D  might  be  called  the  directivity  ratio. 

We  can  calculate  IA  from  expression  (1)  since 
the  transmitting  response  expressed  in  total 
power  output  gives  the  value  of  the  quantity 
fids,  and  the  beam  pattern  provides  the  di- 
rectivity ratio,  D. 

fids 


I A 


~4irr2D 


The  root-mean-square  pressure  on  the  axis  of 
the  main  beam  is  then  given  by  the  formula 
P=-yIApV.  See  page  49  for  a  graph  of  the 
transmitting  response  plotted  as  pressure  am- 
plitude. 

The  transmitting  response  as  obtained  in  this 
section  will  be  lowered  somewhat  because  of 
losses  in  the  glue  joint  and  the  method  of 
mounting.  For  example,  if  the  efficiency  is 
50%,  3  db.  should  be  subtracted  from  the 
transmitting  response  characteristic.  See  page 
127,  Section  7  for  a  more  complete  discussion. 

Since  we  have  described  the  various  curves 
and  illustrated  their  use  with  a  simple  example, 
it  is  now  possible  to  point  out  some  of  the 
principal  features  to  be  expected  in  the  charac- 
teristic curves  of  a  few  systems.  All  of  the 
illustrative  curves  given  have  been  plotted  using 
the  graphs  of  this  and  the  preceding  sections. 

The  graph  on  page  44  illustrates  the  change 
in  input  electrical  impedance  caused  by  a 
change  in  the  Q  of  the  coupling  cable  (Q=RwC 
for  parallel  components  as  used  here) .  In  this 
illustration,  the  resistance  curve  has  been 
shifted  upward  by  an  amount  which  increases 
toward  the  low  frequency  end  of  the  spectrum 
and  'approaches  infinity  at  zero  frequency. 
As  the  value  of  Q  decreases,  the  frequencies  at 
which  the  minima  occur  in  the  resistance  curve 
shift  toward  the  higher  values.     To  increase 


transmitting  response  at  low  frequency  it  is 
necessary,  therefore,  either  to  raise  the  Q  of  the 
cable  or  to  use  a  crystal  of  higher  electro- 
mechanical coupling. 

The  graph  on  page  45  illustrates  the  change 
in  the  series  input  impedance  components 
when  a  series  inductance  of  finite  Q  is  added  to 
the  system.  In  this  case  the  value  of  the 
inductance  was  chosen  to  tune  out  the  capacity 
at  the  resonant  frequency.  The  Q  was  arbi- 
trarily chosen  as  50.  The  magnitude  of  the 
resistive  component  is  shifted  to  larger  values 
when  the  inductance  is  added  to  the  system. 
This  shift  increases  linearly  with  frequency  if 
Q  is  held  constant. 

In  the  example  just  discussed,  the  value  of 
Q  was  held  fixed  as  the  frequency  changed; 
however,  no  essential  complications  are  intro- 
duced by  letting  Q  vary. 

It  should  be  noted  that  for  a  large  number  of 
systems  the  resonant  frequencies  (as  determined 
by  the  zeros  of  the  function  X0/Z0)  occur  in  a 
flat  region  of  the  R0/Z0  curve.  See,  for  example, 
the  graph  on  page  38  of  this  section.  Here  the 
first  resonant  frequency  occurs  at  40  kc  where 
the  Ro/Zo  characteristic  is  very  flat.  The 
second  resonant  frequency  is  at  90  kc  where  the 
Ro/Z0  characteristic  is  fairly  flat.  The  region 
of  high  reactance  occurs  in  the  same  part  of  the 
frequency  spectrum  as  the  region  of  peak 
resistance.  When  such  conditions  hold,  the 
resistive  component  of  the  total  impedance  has 
the  characteristic  form  of  the  curve  on  page  39, 
i.  e.,  smooth  single  peaks  in  the  resonant  re- 
gions. The  transmitting  response  characteristic 
has  single  peaks  at  the  resonant  frequencies; 
see  the  graph  on  page  40  for  example. 

Such  conditions  do  not  always  exist.  It  is 
possible  to  design  systems  so  that  a  peak  of  the 
R0/Z0  curve  is  near  a  zero  of  the  XJZ0  curve. 
The  X0/Z0  characteristic  of  these  systems  some- 
times shows  secondary  peaks  and  troughs.  To 
illustrate,  consider  the  following  system:  170 
ADP  crystals  in  parallel  are  mounted  on  lead 
alloy  units  of  such  cross  section  as  to  obtain 
the  longitudinal  velocity  in  the  lead.  The 
crystals  are  Vf"  long,  %"  wide,  and  )4"  thick. 
The  lead  backing  units  are  1"  thick. 

The  characteristic  curves  for  this  system 
appear  on  pages  46  to  49. 
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Consider  first  the  X0/Zo  curve  given  on  page 
47;  a  secondary  peak  occurs  at  76  kc  and  a 
secondary  trough  occurs  at  20  kc.  It  is  imme- 
diately clear  that  the  peak  at  76  kc  will  cause 
a  secondary  resonance  to  appear  around  80  kc 
if  the  resistive  component  does  not  completely 
override  the  reactance  throughout  this  region. 
The  transmitting  response  characteristic,  page 
49,  shows  a  secondary  resonance  at  78  kc  com- 
parable to  the  primary  resonance  at  66  kc.  In 
the  region  15  to  22  kc  it  is  impossible  to  dis- 
tinguish between  primary  and  secondary  reso- 
nances. The  curves  on  pages  46  and  47  show 
that  the  minima  at  19  kc  and  78  kc  in  the 
X0/Z0  curve  occur  near  a  maximum  in  the 
R0/Z0  curve  and  the  zeros  at  29,  47,  and  66  kc 
occur  in  regions  of  comparative  flatness  of  the 
R0/Zq  curve. 

When  the  motional  impedance  components 
are  combined  with  the  purely  electrical  im- 
pedances the  curves  given  on  page  48  result. 
Secondary  maxima  appear  at  20  kc  and  76  kc 
in  the  resistive  component.  These  maxima  are 
a  result  of  the  particular  type  of  motional 
characteristics  discussed  above. 

The  curves  just  discussed  were  very  successful 
in  explaining  the  characteristics  of  an  experi- 
mental projector  constructed  at  this  laboratory. 
The  relations  between  the  resonances  both 
primary  and  secondary,  and  the  relative 
heights  of  the  peaks  on  the  transmitting 
response  characteristic  checked  closely. 

To  illustrate  the  change  in  the  impedance 
and  transmitting  response  due  to  a  change  in 
the  electromechanical  coupling  coefficient,  the 
characteristic  curves  for  a  projector  using  X-cut 
Rochelle  salt  crystals  at  5^  C  are  given  on 
pages  50,  51,  52,  and  55.  These  can  be  com- 
pared with  the  curves  on  pages  38,  39,  and  40 


of  this  section.  The  electromechanical  coupling 
coefficient  for  the  X-cut  Rochelle  salt  is  greater 
than  the  coupling  coefficient  for  ADP. 

A  set  of  curves  on  pages  50  to  57  show  how 
the  characteristics  of  an  X-cut  Rochelle  salt 
projector  vary  with  temperature.  Curves  of 
motional  impedance,  total  impedance,  and 
transmitting  response  are  given  for  three  differ- 
ent temperatures:  5°,  20°,  and  24°  C.  The 
Curie  point  is  approximately  24°  C,  conse- 
quently the  characteristics  vary  greatly  with 
temperature  in  this  region.  Under  ordinary 
measuring  conditions  the  temperatures  of  var- 
ious regions  of  the  projector  are  seldom  equal 
and  the  beam  pattern  may  change  because  of 
temperature  differentials  in  the  crystal  as- 
sembly. 

Notice  that  the  resonant  frequencies  as  ob- 
tained from  the  zeros  of  the  motional  reactance 
curves,  X0/Z0,  do  not  correspond  to  the  peaks 
on  the  total  impedance.  This  lack  of  corre- 
spondence is  due  to  the  high  electromechanical 
coupling  of  X-cut  Rochelle  salt. 

In  design  it  is  often  assumed  that  the  ele- 
ments making  up  a  projector  are  exactly  simi- 
lar and  that  the  mounting  is  precisely  sym- 
metrical. As  a  result,  sharp  maxima  and 
minima  sometimes  appear  in  the  calculated 
characteristics.  -  In  most  projectors,  however, 
slight  variations  in  the  mounting  will  cause 
the  sharp  peaks  to  be  rounded  off  and  the 
sharp  troughs  to  be  partially  filled.     , 

The  many  possibilities  in  design  which  are 
suggested  by  a  study  of  the  curves  of  this  sec- 
tion would  supply  topics  for  an  interesting 
series  of  supplements  to  this  report. 
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TABLE  5 

1000  ADP  crystals,  2.5  cm  long,  backed  by  0.25  cm  lead 
(Long  bar  velocities) 


iVkc 

GleUt 

7c 

R0/Zo 

Xo/Zo 

10 

0.34 

30 

0.  14 

-1.8 

15 

.52 

45 

.  14 

-1.  1 

20 

.69 

60 

.  15 

-0.70 

25 

.83 

75 

.  14 

-  .50 

30 

1.05 

90 

.  13 

-.30 

35 

1.25 
1.55 
1.80 

2.  10 

2.40 

2.75 

3.2 

3.6 

4.2 
5.  1 

105 
120 
135 

150 
165 
180 
195 
210 

225 
240 

.  13 
.  13 
.  12 

.  11 
.  10 
.075 
.04 
.01 

1.5 
1.2 

-.  15 

-.04 

.  10 

.30 
.50 
.70 
1.4 
2.4 

5.0 
-2.2 

40 

45 

50 

55 

60 

65 

70   

75 

80 

85 

6.  1 

255 

0.55 

-0.70  • 

90 

7.5 

270 

.42 

-.20 

95   

10.0 
14.0 

285 
300 

.36 
.32 

.20 
.50 

100 

105 

24.0 

315 

.31 

1.0 

110 

65.0 

330 

.305 

1.8 

115 

-65.0 

345 

.30 

3.7 

Zofo*  =1.1(10)7  ohms 
C0=6. 13  (10)-12  farads 

Cable  admittance 

Admittance  of  longitudinally  clamped  capacity  of  crystals 

Total  admittance  (cable  capacity  and  clamped  capacity  of  crystals) 


(0.025+J1.27)  (10)_4iVmhos 
J0.385  (10) "W  mhos 

(0.025 +il. 67)  (10) -W mhos 
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TABLE  7 


Nkc 

Gtm(IO)* 

(Gl+BQ 

(10)6 

Power  output 

(watts) 

Gtm 

Power 

output 

db  above 

1  watt 

((?I  +  B2r) 

10 

0.  0039 
.0103 
.0266 
.0472 

2.  96 
6.66 
12.0 

18.8 

1.31 

1.  54 
2.22 

2.  51 

1.2 
1.9 
3.  5 
4.0 

15     ■  _ 

20 

25 

30 

.  110 

27.6 

3.98 

6.0 

35 

.300 

38.0 

7.89 

9.0 

40 

.638 

42.8 

14.9 

11.7 

45 

.447 

51.0 

8.76 

9.4 

50 

.0980 

66.  1 

1.48 

1.7 

55 

.0350 

81.4 

.43 

-3.6 

60 

.0137 
.0018 

97.4 
117 

•  141 
.015 

-8.  5 
-18.2 

65 

70 

. 00015 

137 

.0011 

-39.  5 

75 

.0050 

156 

.032 

-14.9 

80 

.0174 

180 

.097 

-10.  1 

85___. 

.0631 

202 

.312 

-5.0 

90 

.  176 

228 

.772 

-1.  1 

95 

.  193 

250 

.772 

-1.  1 

100 

.0825 

272 

.303 

-5.2 

105 

.0257 

303 

.085 

-10.7 

110 

.0083 

324 

.026 

-15.9 
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TABLE  8 


Piezoelectric 

Piezoelectric 

Crystal 

interaction 

interaction 

constant  d/s 

constant  d/s 

esu.  of  charge 

coulombs 

sq.  cm. 

sq.  meter 

ADP  (NH4H2P04)  45°  Z- 

1.48(10)5 

0.493 

cut  bar. 

Rochelle  salt  45°  Y-cut 

0.92(10)5 

0.307              j 

bar. 

Rochelle  salt  45°  X-cut 

See     graph 

See  graph 

bar. 

page  60. 

page  60. 

Quartz  X-cut  bar 

0.528(10)5 

0.176 

Tourmaline  Z-cut  plate.  __ 

1(10)5 

0.333 

TABLE  9 


Crystal 

Dielectric 
Constant,  K 

K  (air)  =  1 

ADP  (NH4H2P04) 

45°  Z-cut. 

14.0 

Rochelle  salt 
45°  Y-cut. 

10.0 

Rochelle  salt 
45°  X-cut. 

See  graph, 
page  61. 

Quartz  X-cut 

4.5 

Tourmaline 
Z-cut. 

5-6 
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DB.  CHART 


Voltage  ratio 

Power  ratio 

-^-db-*  + 

Voltage  ratio 

Power  ratio 

1.00 

1.00 

0 

1.00 

1.00 

0.944 

0.89 

0.5 

1.06 

1.  12 

.891 

.79 

1.0 

1.  12 

1.26 

.841 

.71 

1.5 

1.  19 

1.41 

.79 

.63 

2.0 

1.26 

1.  59 

.75 

.56 

2.5 

1.33 

1.78 

.71 

.50 

3.0 

1.41 

2.00 

.67 

.45 

3.5 

1.  50 

2.24 

.63 

.40 

4.0 

1.59 

2.  51 

.60 

.35 

4.5 

1.68 

2.82 

.56 

.32 

5.0 

1.78 

3.  16 

.53 

.28 

5.5 

1.88 

3.55 

.50 

.25 

6.0 

2.00 

3.98 

.47 

.22 

6.5 

2.  11 

4.47 

.45 

.20 

7.0 

2.24 

5.01 

.42 

'.18 

7.5 

2.37 

5.62 

.40 

.  16 

8.0 

2.  51 

6.31 

.38 

.  14 

8.5 

2.66 

7.08 

.35 

.  13 

9.0 

2.82 

7.94 

.33 

.  11 

9.5 

2.99 

8.91 

.32 

.10 

10.0 

3.  16 

10.0 

.30 

.089 

10.  5 

3.35 

11.2 

.28 

.079 

11.0 

3.55 

12.6 

.27 

.071 

11.5 

3.76 

14.1 

.25 

.063 

12.0 

3.98 

15.9 

.24 

.056 

12.5 

4.22 

17.8 

.22 

.050 

13.0 

4.47 

20.0 

.21 

.045 

13.5 

4.73 

22.4 

.20 

.040 

14.0 

5.01 

25.  1 

.19 

.035 

14.  5 

5.31 

28.2 

.  18 

.032 

15.0 

5.62 

31.  6 

.17 

.028 

15.5 

5.96 

35.8 

.  16 

.025 

16.0 

6.31 

39.8 

.  15 

.022 

16.5 

6.68 

44.7 

.  14 

.020 

17.0 

7.08 

50.1 

.13 

.018 

17.5 

7.50 

56.2 

.13 

.016 

18.0 

7.94 

63.  1 

.  12 

.014 

18.5 

8.41 

70.8 

.  11 

.013 

19.0 

8.91 

79.4 

.  11 

.011 

19.5 

9.44 

89.  1 

.10 

.010 

20.0 

10.00 

100.0 
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SECTION  6 
SENSITIVITY  AND  ACOUSTIC  INPUT  IMPEDANCE 


Sensitivity  is  of  fundamental  importance  in 
the  design  of  many  crystal  systems  such  as 
hydrophones  and  accelerometers.  The  curves 
of  this  section  are  concerned  with  its  determina- 
tion for  systems  composed  of  any  crystal,  any 
backing  material  combination,  and  any  one  of 
a  wide  range  of  electrical  impedances.  The 
acoustic  input  impedance  into  the  projector 
may  also  be  obtained  from  the  curves  of  this 
section.  This  quantity  is  useful  in  evaluating 
the  pressure  distribution  oVer  the  face  of  a 
projector  in  terms  of  the  free  field  pressure  of 
the  incident  wave. 

As  in  the  previous  section,  it  is  convenient 
first  to  describe  the  curves  roughly  and  then  to 
illustrate  their  use  by  an  example. 

The  curves  are  divided  into  three  sets.  The 
first  set  (consisting  of  fifteen  families,  pages  111 
to  124)  shows  the  quantity  —ZMjZ0  plotted  as 
a  function  of  yc  (obtained  from  Section  1).  ZM 
is  the  mechanical  impedance  into  the  projector, 
per  crystal.  It  is  the  product  of  the  acoustic 
input  impedance  into  the  projector  multiplied 
by  the  area  of  a  single  crystal.  (See  Table  2, 
page  11  for  the  values  of  the  characteristic  im- 
pedances.) The  parameter  from  curve  to  curve 
is  the  quantity  GlcUi  which  characterizes  the 
backing  material  and  is  defined  in  Section  3, 
page  19.     The  parameter  from  family  to  family 

is  the  quantity  6=j£-(RLi-\-jXLi),'wh.ere 
Rli-\-JXli= electrical  load  per  crystal 
-dl 
Z„=width  of  crystal  in  meters, 
-—ratio  of  the  piezoelectric  con- 
stant to  the  elastic  modulus 
(See  Part  II,  Section  1) 
Z0=pcVcltlw  kg/sec 

Ordinarily  the  load  is  purely  capacitive,  and 
for  such  loads, 


Z\uQ/ 


cable  termination.  With  only  one  exception 
(which  is  explained  later)  all  the  curves  of 
this  set  have  been  plotted  for  a  purely  capacitive 
load,  using  the  above  expression  for  0. 

The  first  sheet  of  this  set,  covering  the  range 
0^0.1,  differs  from  the  others  in  several 
respects : 

1.  ZM/Z0  is  plotted  rather  than  —ZM/Z0; 

2.  Over  part  of  the  range  of  ZM/Z0  the 
linear  scale  is  replaced  by  a  logarithmic 
scale. 

3.  The  value  of  ZM/ZQ  obtained  from  this 
curve  (0^0.1)  is  not  exact  and  the 
following  correction  may  be  added  to 
it  for  greater  accuracy: 


H  cos  yc       .  ) 


This  correction  term  is  negligible  except 
for  values  of  the  parameters  which  make 
the  denominator  of  the  expression  small. 
If  only  the  approximate  form  of  the 
sensitivity  curve  is  desired,  the  correc- 
tion may  be  ignored   over  the  whole 
range. 
When  the  resistive  component  of  the  imped- 
ance  is   not    negligible    as    compared    to    the 
reactive   component,    0    should   be   calculated 
from 


*=if(fii.i+i*Li) 


where  C=  capacitive  load  (the  sum  of  the 
longitudinally  clamped  capacity  of  the  crystal, 
the  cable  capacity,  and  the  capacity  of  the 


and  the  first  family  of  Set  14  used,  providing 

l0|^O.l.     If  |0|>£.l,  |^  should  be  calculated 

directly  from  the  formulas  given  in  Part  II. 

The  next  set  (page  125)  consists  of  a  single 
curve  in  which  the  ratio  |P2/-P+|  is  plotted  as  a 
function  of  Za/puVw  where 

P2= pressure  at  the  face  of  the  crystal, 
P+=free  field  sound  pressure  in  the  medium 

driving  the  projector, 
Za= acoustic  input  impedance  into  the  crystal 

system  at  the  crystal  face,  and 
Pu>Vw=  characteristic  impedance  of  the  medium 

driving  the  projector. 
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This  curve  gives  a  close  approximation  when 
the  receiving  face  is  several  wave  lengths 
across,  and  the  incident  wave  is  normal  to  the 
face.  When  these  conditions  are  not  satisfied, 
the  diffraction  pattern  can  be  calculated  from 
the  geometrical  configuration  and  the  input 
acoustic  impedance.  From  the  diffraction 
pattern,  the  pressure  at  the  crystal  face  follows 
immediately.  For  systems  such  as  accelero- 
meters,  the  pressure  or  velocity  at  the  crystal 
face  is  known  when  the  accelerometer  is  so 
small  that  it  does  not  appreciably  disturb  the 
system  under  measurement.  When  pressure  is 
known,  the  third  set  of  curves  can  be  used 
directly;  when  velocity  is  known,  the  method 
given  in  Part  II,  Section  5  can  be  used. 

The  third  set  of  curves,  page  126,  shows  the 

quantity  j  w  as  a  function  of  yc  (obtained  from 

Section  1)  where  GuUi  (defined  in  Section  3)  is 
the  parameter  from  curve  to  curve.  E0  is  the 
voltage  which  would  be  produced  if  the  longi- 
tudinally clamped  capacity  of  the  crystal  were 
zero  and  if  no  external  electrical  load  were 
present.  This  voltage  is  not  realizable  physi- 
cally but  is  convenient  for  calculations.    P2  is 


the  pressure  at  the  crystal  face. 


I=<#  Where 


lt  is  the  distance  between  the  electroded  faces 
of  the  crystal,  and  d/s  is  the  quantity  defined 
on  page  103.  When  d/s  is  in  MKS  units, 
and  lt  is  in  meters,  E0/P2  will  be  in  volts  per 
newton/meter2.  To  change  to  volts  per  dyne/ 
cm2  divide  by  10. 

Detailed  use  of  the  curves  will  be  illustrated 
by  the  following  example:  1000  X-cut  Rochelle 
salt  crystals  in  parallel  are  mounted  on  a  flat 
steel  plate  1  cm  thick  and  36  cm  in  diameter. 
The  crystals  are  2  cm  long,  1.27  cm  wide,  and 
0.64  cm  thick.  The  temperature  is  assumed  to 
be  5°  C.  The  sensitivity  will  be  determined  in 
volts  per  dyne/cm2  for  the  open  circuit  condi- 
tion, the  only  electrical  load  being  the  longi- 
tudinally clamped  capacity  of  the  crystals. 
The  curves  appear  on  pages  106  to  110.  Ordi- 
narily it  is  not  necessary  to  plot  the  quantities 
shown  here.  They  are  plotted  for  this  example 
to  illustrate  the  general  variation  to  be  expected. 


This  system  is  one  of  those  which  was  ana- 
lyzed to  some  extent  in  Section  5  on  Electrical 
Input  Impedance.  The  input  impedance  and 
the  transmitting  response  appear  on  pages  52 
and  55  of  that  section. 

First  to  be  determined  is  the  acoustic  input 
impedance,  Za.  For  this  yc  is  determined  from 
Section  1;  GuUi  is  determined  from  Section  3; 
and  the  quantities  6,  <p,  Z0  and  C0  are  deter- 
mined from  the  following  relations 

d=Z0(j^}>  <P=(d/s)lw; 


Z0=PcVcAc;  0, 


KLX 

""  4ttL 


(i.i)(io)-12 


Graphs  of  d/s  and  K  for  X-cut  Rochelle  salt 
as  a  function  of  temperature  are  given  on  pages 
60  and  61.  For  this  particular  example  <p= 
4.14(10)~2  coulombs/meter;  <70= 0.473  (10)~10 
farads;  Z0=4.85  (10)2  kg/sec.  Using  the  values 
of  yc,  0,  and  GlcUi  with  the  first  set  of  curves 
we  obtain  the  ratio  ZM/Z0,  where  ZM=ZaAc 
(the  product  of  the  acoustic  input  impedance 
and  the  area  of  the  crystal).  Za  then  follows 
directly : 

Za_z0X 

See  page  106  for  the  curve  of  Za  vs.  N.  Za  is 
equal  to  zero  at  resonance. 

We  now  obtain  the  ratio  |(P2/P+)|  of  the 
pressure  amplitude  at  the  projector  face  to 
the  free  field  pressure  amplitude  as  a  function 
of  the  frequency  Ar.  Since  the  projector  in  the 
present  example  is  several  wave  lengths  in  di- 
ameter, and  all  elements  are  similar,  we  can 
use  the  graph  on  page  125  in  this  evaluation. 
This  graph  shows  the  variation  of  JP2/P+I 
plotted  as  a  function  of  Za/(pwVw)  where  pwF« 
is  the  characteristic  impedance  of  the  medium 


driving  the  projector. 


=0  at  the  resonant 


frequency,  but  over  most  of  the  frequency 
range,  |  P2/P+ 1  is  very  closely  equal  to  2.  See 
the  graph  on  page  107. 

If  the  projector  is  less  than  several  wave- 
lengths in  diameter,  "the  diffraction  pattern  can 
be  calculated  from  the  input  acoustic  impedance 
and  the  geometrical  configuration.     The  pres- 


104 


sure  amplitude  distribution  over  the  projector 
face  then  follows  immediately  from  the  dif- 
fraction pattern. 

It  is  clear  that  if  the  projector  can  be  sub- 
divided into  several  regions,  each  region  being 
composed  of  similar  elements,  and  the  diameter 
of  each  region  being  several  wave  lengths,  then 
the  curve  of  \P2JP+\  vs.  ZJpwVw,  page  125,  can 
be  applied  to  each  of  these  regions  separately. 

The  third  set  of  curves  is  used  next  to  obtain 

-^p9-  In  this  expression,  P2  is  the  pressure 
amplitude  at  the  crystal  face,  E0  is  the  voltage 
already  defined  and  &—  /  jL\'  For  this  ex- 
ample, 5=0.195(10)-2  mgterVcoulomb.  The 
quantity  E0/P2,  obtained  by  multiplying 
1  W 
~i  *  ~w  by  ^>  is  plotted  as  a  function  of  frequency 

o     r2 

on  page  108. 

The  final  quantity  needed  in  the  evaluation 
of  the  sensitivity  is  the  motional  reactance  Xe 
determined  when  the  force  on  the  crystal  face 

is  zero.     Xe—(y°)~i>  where  X0/Z0  is  obtained 

from  the  X0/Z0  curve  for  G2C=0  in  Section  5. 
For  this  example  Z0/^2= 0.283  (10)6  ohms. 
The  sensitivity  is  given  by: 

El__JP2Eo      Xl 
P+     P+  Pi  Xe-\-XL 

where  XL=  —  l/(o>0).  C  is  the  capacity  of 
the  electrical  load  as  defined  on  page  103. 
The  units  of  EL/P+  are  volts  per  newton/ 
meter2.  To  change  these  units  to  volts  per 
dyne/cm2,  divide  by  10. 

A  graph  of  the  sensitivity  for  this  example 
is  given  on  page  110.  A  decibel  scale  in  which 
zero  db  is  taken  as  1  volt  per  dyne/cm2  is  used. 
Note  that  the  receiving  sensitivity  has  its 
maximum   at   56   kc,    and   the    peak    in   the 


transmitting  response  (Section  5,  page  55) 
occurs  at  56  kc. 

The  quantity  just  discussed  is  usually  called 
the  "open  circuit"  sensitivity.  By  "open 
circuit",  we  mean  that  the  only  electrical 
element  in  the  circuit  is  the  longitudinally 
clamped  capacity  of  the  crystals. 

The  open  circuit  sensitivity  of  ADP  and 
Y-cut  Rochelle  salt  projectors  is  comparable 
to  that  of  the  X-cut  Rochelle  salt  just  dis- 
cussed. X-cut  Rochelle  salt,  however,  has  the 
advantage  of  a  lower  input  electrical  impedance, 
so  that  the  sensitivity  as  measured  at  the 
terminals  of  a  cable  would  be  higher  than  the 
sensitivity  of  similar  projectors  of  ADP  or 
Y-cut  Rochelle  salt  with  the  same  cable. 

The  numerical  values  of  EL/P+,  calculated 
from  the  expression  given  above  as  the  product 
of  three  quantities,  become  inaccurate  near  the 
resonant  frequencies  since  P2/P+  is  zero  and 
XLl{Xc-\-XL)  is  infinite  at  this  point.  If  there 
is  doubt  concerning  the  accuracy  of  the  sensi- 
tivity near  resonance  as  obtained  from  the 
curves  and  the  expression  given  above,  it  may 
be  calculated  from 


2<p 


p2V2oiC 


tMl^  +  G^Ut 


°+(drrG"u>) 


the  components  of  which  have  no  zeros  or 
infinities  in  the  neighborhood  of  resonance.* 
C  is  the  capacity  (external  load  plus  longi- 
tudinally clamped  capacity  of  the  crystal). 

The  sensitivity  as  obtained  in  this  section 
will  be  lowered  by  losses  in  the  glue  joint, 
method  of  mounting,  and  other  effects.  For 
example,  if  the  projector  has  an  efficiency  of 
60%,  the  sensitivity  will  be  lowered  about 
4.5  db.  A  more  complete  discussion  is  given  in 
Section  7,  page  127. 


*The  complete  expression  for  sensitivity  has  the  following  form  for  capacitive  loading: 
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tan  J+(?ic£/i 


*+(ta^-<^)) 


(«) 


M^y 


105 


N  I   O 


UJ 


106 


i::BsSii!!!!!!S!slli!HI»»:Uir  iiiliiiii=iiiiiiiliiiiiliniiliiii 


o 


LU 
O 
< 

or 
o 

h- 
o 

UJ 

o 

(Z 
Ql 


cr 

3 

en 

UJ 


< 

to 


o  5) 
o 

< 
t- 

3 
O 


e 
ID 


a.™  a?" 


107 


L?|a*» 


CO 

a: 

Id 

I- 
Id 


a> 


o 
o 


o      o 

> 


01 


108 


ol   o 
X|N 


109 


-J 
o 

> 


•I. 

2 
o 


•60 


UJ 

5-70 


~      -80 


HI 

> 
o 

CD 

< 


•90 


</>    -100 


-110 




■■■■  ■■■ 
::::  III 

■■■■  ■■■ 

::::  ::: 

11111111 

:    :■ 

■ ii 

%-£ siHi  KtT?j 

■■■  ■■■■■■■■«  •■■»•■••■  !■•• ■  ■■■•■■1 

nrri  -"T*» -)■■■■  •■•■•MlMilir 

■■"■si-jSHiiHsiESiiiliiiiiEi 

iiij.riiiinii, 

~ 

= 

rr 

^■j 

jf — 

It. 

»|  ^J  IfT!    I     #  a  € 

|ii==E=E=ii 

miMHi  i 
iiiiiiDiiliii! 
Ijllgiliiiiii 

■■■■■■■■■■a  ■■■■■id. 

;:::::!>n!h!!i!!i|iiii!Pi|Biii: 

iiniiii 
inpiipiili 

IlliilSi  li»BHffiSiiS!as 

iiilii!  Nil!!!! 
mgiUJ-JBiiigil 

-■.  --  -  - 

jjjlii!  iiggiSBgi? 

L'ii;.|,:::n?;:r 

::ii  Jijiili'iis: 

.:; .   ....  mi:".:' 
.:.."i|"  ";.:.:;' 

W:M 

i\.;:.i.::r  :i 

fill 

1  IB 

:..■:    ;■;;  "i; 

li  Pi 

= 

— 

— 





— 

— — 

| 

— - 

— 

£~ 

^ 

zE 

-  = 

== 

| 

I^EEEEEEEE 

ihhhhI 

■■■■■•■■■a     ■  •■■■•■•■••■ 

iiiiiiiiii  iiiiiiiiiiii 

!::::»:  ""iiiiiiiiii 

.    :           : 

Hi  i  ii; 
sail  g  iggp 

lililiisi 

imin  ni  mill 

bs-s  siiaisii 

ii  1 

nninq    ■■■ 

■HIIIIM     III 

»:::::!!  3:: 

in 
pi 

liiiiPs 

I'ljiiSin"!!! 

11.  IIIIIIIIIIII 

,i,i:. '![;■.';,  ii  tu  ':,i 

IIU.IHII 

illlli 
iisiliiii 

lis 

if.  ii    :i  nn- 

hi  j:::::: 

.  ■:    ■■■;.':.:' 
■     !.":  '  ;; . 

\    i;>: 
1 '  .III 

^  m 



7T: 

----- 

, — 
— 

— 

i 

EE: 

— 
— 

— 

E~ 

fc1 

r-.[— 
E:Xr 

r~l — ' 
EEEE 

1 

3e 

E 

--= — -r- 

EEIEEEzEp 

f 

1118 

HI   ||i|i 

HjB 

i:    ■::i!'>:-.j-..:'1:-; ::-...  j;!v 

.      ,:  .■■::■■■.  '         vr: 

iiiiiiiiiiii' 

ssiiiii  !im 

■!!  SKS8«» 

II     IIIHillll   III  IHU 

'        ::  .     •  '  : 
HI      lirillll.VT:''    1  -■  I.VI71 

?;  ::M':^ 

i   ;..::r;;;r-i-::  :■  ;  s- :: 

mm  li  WH 

iiiliiilrE 

HiiUlSiiiKj'i!  iljjj 

,"sii  ii  E 

"jr. :"ji]i]'ii5!i,n    ij   i:;  iiiiii 
nil  •■■•■■mi 

liluil  "Hi 

!:si::::::::!  ::  iasi 

= 

EEE 

=. 

== 

^ 

11 

:::H:::::n; 

iiiiiiiiii 
HI 

■:■■»»»::• 

jjftjfff 

■Hi 

iiiiiiiiii    Ski 
iiiiiiiiii    isa 

Illi  !P 

■■■■■■•III            Hill 

irimnrailini         bhiim 

■iiiiiiSi:    ■ 

10 


15 


20 


30  40        50     60    70  80  90 100 

N  KC. 


110 


Z0 


0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

100 

no 

120 

130 

140 

150 

160 

170 

180 

180 

190 

200 

210 

220 

230 

240 

250 

260 

270 

280 

290 

300 

310 

320 

330 

340 

350 

360 

t 


(  PARAMETER  •  G,c  U,  ) 
0^0.1 


111 


SET  14 
FAMILY  2 


3ifiii<  JrS8HBI8SSBSSSi.ni!ii 

HUM  IIIMIW.:  in  MSmHMIIIIllll  M 

luilmii i. imiiHii uw i  i  in. ui ■  tia. '"I "wiajlii Sb-jkiffi'llHirilllUII'mi1!!1  itlilUtl  lUIMIUIIttiniUHlim NWHH EHBOWlHi HMHUIWI itWIHfltl ItlCR wn  1 

mum,  iaiuffi|iMuu«mitaEH«Hq  imtHHtntmiiit  nwmntm  :iniutn»  hwh  tn  si  i 


,'■      ;     '■     ■  ,.  i 


ii'iiniiifliiiii  hum  uinniiuiifniiiiniiiN  mm  tumm  wmm  wmmm  n  w 

i i %>.w mull:  rim  i  w Mhhihiuuihimimu* 

,      :;: 

n l-itf  irn..  'i;mr:  i"m:niit  ;in:Hiiiiffi  immeifli  w  q B  m 

'  "-"iintiuiiDiiiiiiiiwiiiMiiiiJiiitiw 

«•■ H"!ir  H->iHim:iHIBMMIStrw 

.JIl'IIIIIMIb'lillWIMilllimtt 

::!lliill!IBWB!lill!i 

■■    ■■■■■-.   .  ■ 

HPUHMIIipilWp1 

LW  Wi,llil1IH)l'.lNilill,'<l|i,lll.|llWa 

■?>■■■  A-  ■<.-::, -A-.   ■  ..i-,  ■■,,;.: 

.      ;  :  ■ 


112 


i 


-     ■ 

.::":::>:;  .....: 

.  ■      ■     ■ 

miwmmmt 

Hi,".:-!**:  \ iimm 'w i;  jit  i 


200  250  300  350 


zM 


114 


200  250  300 


115 


116 


117 


z„ 


-14- 


118 


•5:f  SSL 

Sis  SESUSE1 


50 


100 


150 


200 


250 


300 


350 


i 


119 


120 


121 


SET  14 
FAMILY  12 


: 

:■;:'::  :  .     :  ■  s 


■mi  mi-  an 

mmwvw,  mmmmi 

:  ■:■•   -!::-v-^-;:";:  ::■■:. vr: ■::.■::.■  J---v::/':./ 


- ■■HPi:  ''^MMim 


150  200  250 

t 


122 


123 


124 


SET    15 
FAMILY    I 


< 

>* 

M 

£ 

Qs 

cf|o.+ 


125 


SET    16 
FAMILY    I 


m 


126 


SECTION  7 
EFFICIENCY  AND  STRESS 


In  Section  5  on  transmitting  response,  it  is 
assumed  that  power  is  dissipated  only  by  radia- 
tion into  the  driven  medium  and  by  electrical 
loss  in  the  vibrating  system  and  coupling  cir- 
cuits. In  order  to  obtain  the  efficiency,  the 
power  input  per  unit  current  input  must  be 
calculated.  The  efficiency  is  obviously  the 
ratio  of  power  output  per  unit  current  input 
(transmitting  response)  to  power  input  per 
unit  current  input. 

Mechanical  motion,  however,  gives  rise  to 
losses  in  the  vibrating  system  in  addition  to 
radiation  losses.  Some  dissipation  occurs  in 
the  crystal  and  backing  material,  and  a  loss  is 
introduced  by  the  holder,  but  the  most  serious 
loss  usually  occurs  in  the  joints  between  the 
crystal  and  backing  material.  Although  very 
little  quantitative  information  is  available  on 
this  subject  (and  therefore  no  losses  have  been 
incorporated  in  the  calculation  of  the  curves)  we 
do  know  that  the  dissipation  in  the  crystal  and 
backing  material  is  usually  rather  small,  and 
that  the  loss  caused  by  the  holder  can  be 
minimized  by  clamping  the  vibrating  system 
at  a  displacement  node.  Thus,  if  proper  pre- 
cautions have  been  taken  in  the  mounting, 
the  glue  joint  becomes  our  chief  concern.  A 
method  will  be  suggested  later  in  this  section 
for  estimating  the  loss  in  glue  joints  whenever 
data  on  the  characteristics  of  glue  joints  are 
available. 

Such  losses  probably  would  not  have  been 
included  in  the  general  curves  even  if  data  were 
available  because  of  the  tremendous  increase 
in  the  amount  of  calculation  and  in  the  number 
of  curves  required.  Furthermore,  the  power 
losses  cause  a  negligible  shift  in  the  resonant 
frequencies  and  in  the  positions  of  the  maxima 
and  minima  of  the  response  characteristics. 
The  effect  on  the  magnitude  of  the  transmitting 
response  and  the  receiving  sensitivity  can  be 


approximated  by  subtracting  a  suitable  num- 
ber of  db.  from  the  response  characteristics. 
This  assumes  that  the  designer  can  make  an 
estimate  of  the  efficiency  to  be  expected  from  a 
projector,  or  has  available  some  data  on  loss 
characteristics  of  glue  joints.  For  example,  if 
a  projector  has  an  efficiency  of  60  percent,  2.2 
db.  should  be  subtracted  from  the  transmitting 
response  (expressed  in  terms  of  total  power) 
and  4.5  db.  from  the  sensitivity.  (A  db.  chart 
appears  on  page  62.) 

When  the  loss  in  the  glue  joints  under 
various  conditions  of  stress  ■  and  frequency  is 
known,  the  efficiency  can  be  estimated  fairly 
well  as  follows: 

From  the  transmitting  response  (expressed 
in  total  power  output)  and  the  radiating  area 
of  the  projector,  a  value  for  the  intensity  at 
the  crystal  radiating  face  is  obtained: 

T    Total  power  radiated,     .  7 
Radiating  area 

where  i"  is  the  intensity  in  ergs/sec  per  cm2 
when  the  total  power  is  expressed  in  watts  and 
the  area  in  cm2.  The  pressure  amplitude  at  the 
crystal  face  is  obtained  from 

P2  is  the  pressure  amplitude  (r.  m.  s.)  in  dynes/ 
cm2  when  pwVw  is  the  characteristic  impedance 
of  the  driven  medium  in  cgs  units,  and  I  is 
the  intensity  calculated  above. 

Multiplying  the  pressure  amplitude  by  the 
area  of  a  single  crystal,  Ac,  yields  the  force  per 
crystal  at  the  crystal  face,  F2.  From  GxcUi 
(defined  in  Section  3,  page  19),  and  yc  (defined 
in  Section  1),  FJFi  is  evaluated  by  using  the 
family  of  curves  on  page  128  of  this  section. 
This  family  of  curves  holds  only  for  ADP 
crystals  radiating  into  water.  Fu  the  force  at 
the  glue  joint  is  obtained  by  dividing  F2  by 
the  value  of  F2/Fi.  Then,  from  the  data  on 
losses  in  glue  joints  as  a  function  of  stress  and 
frequency,  an  estimate  of  the  efficiency  can  be 
made: 


Efficiency - 


(Total  power  radiated) 


/Total  power  radiated  plus  power  loss  in  glue  joints\ 
\  plus  power  loss  in  coupling  circuits  / 


(100)  percent 


An  estimate  of  the  lowering  of  the  transmitting  response  and  receiving  sensitivity,  based 
on  this  efficiency,  can  then  be  made  as  previously  described  (Sections  5  and  6). 


127 


F, 
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SECTION  8 

ACOUSTIC  INPUT  IMPEDANCE  OF  PARTICULAR 

BACKING  MATERIAL  SYSTEMS 


This  section  presents  curves  of  the  acoustic 
input  impedance  of  a  few  particular  backing 
material  combinations.  These  curves  will  facili- 
tate the  design  of  backing  systems.  The 
curves  (pages  130  to  149)  show  the  impedance 
per  unit  area  for  single  and  multiple  systems  of 
aluminum,  brass,  lead,  and  steel.  Longitudinal 
and  plate  velocities  are  included. 

The  acoustic  impedance  (jX,)  is  plotted  in 
cgs  units  along  the  vertical  axis  on  a  combina- 
tion linear  and  inverse  scale.  Frequency  from 
0  to  100  kc  is  plotted  along  the  horizontal  on  a 
linear  scale.  The  parameter  associated  with 
each  curve  is  the  length  of  the  backing  material. 
To  evaluate  the  quantity  QleUi  from  the  acous- 
tic impedance  as  obtained  from  this  section, 
see  Section  3,  page  19. 

The  first  set  of  curves  (eight  families,  pages 
130  to  137)  cover  single  materials  for  lengths 
between  0.25  cm  to  15  cm. 

The  second  set  (three  families,  pages  138  to 
140)  covers  the  lead-aluminum  combinations. 
Labels  on  the  curves  give  the  dimensions  of  the 
components  in  cm.  The  material  given  last  in 
the  label  is  the  one  into  which  the  curve  gives 
the  impedance.     For  example,  if  the  label  reads 


"2.0AL  +  0.25LE",  the  curve  gives  the  acous- 
tic input  impedance  (per  unit  area)  into  the 
lead  end  of  the  system  illustrated  by  Figure  8. 
For  longitudinal  velocities  the  characteristic 
impedances  of  lead  and  aluminum  are  practi- 
cally equal,  so  that  separate  curves  for  alumi- 
num plus  lead  and  lead  plus  aluminum  systems 
are  not  necessary.  For  plate  velocities,  how- 
ever, the  characteristic  impedances  are  different 
for  these  materials  and  separate  curves  are 
given . 


h25H- 


2.0 


P-M 


LEAD 


ALUMINUM 


Figure  8. 


The  third  set  (eight  families,  pages  141  to 
148)  covers  the  aluminum  plus  steel,  steel  plus 
aluminum,  and  steel  plus  lead,  lead  plus  steel 
combinations. 

The  last  family  (page  149)  shows  the  imped- 
ance of  the  particular  triple  system,  lead  plus 
aluminum  plus  lead . 
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SECTION  1 
FUNDAMENTAL  EQUATIONS 


The  one-dimensional  theory  presented  here 
is  based  on  the  fundamental  piezoelectric  equa- 
tions. From  these  equations  and  the  boundary- 
conditions,  expressions  are  derived  which  relate 
stress,  particle  velocity,  current,  and  voltage 
for  a  vibrating  crystal.  Solutions  are  expressed 
in  terms  of  the  mechanical  boundary  condi- 
tions (particle  velocity  and  force  at  one  end  of 
the  crystal)  and  the  electrical  conditions  (cur- 
rent and  voltage). 

The  equations  hold  exactly  for  a  crystal 
whose  length  is  large  compared  to  its  width. 
In  practice  a  ratio  of  3  to  1  is  satisfactory. 
For  crystals  with  a  smaller  ratio,  or  for  crystals 
with  clamped  sides,  the  equations  give  a  good 
approximation  if  the  elastic  constant  is  considered 
to  be  dependent  on  the  ratio  of  width  to  wavelength, 
A  discussion  of  this  approximation  will  be  found 
in  Part  I,  Section  1.  The  piezoelectric  and 
dielectric  constants  may  also  vary  somewhat 
with  the  dimensions  but  such  variations  are 
neglected  in  the  present  discussion. 

The  last  three  equations  of  this  section  serve 
as  a  basis  for  the  theoretical  development  of  the 
succeeding  sections.  Symbols  represent  total 
amplitude  in  all  equations  of  this  section.  The 
last  three  equations,  however,  are  equally  valid 
when  the  symbols  represent  root-mean-square 
values,  which  are  used  throughout  the  remain- 
ing sections.  Terms  and  symbols  used  in  the 
development  are  defined  in  Appendix  A.  In 
this  section  a  bar  over  the  symbol  designates 
a  time  dependent  quantity;  the  same  symbol 
without  a  bar  designates  a  time  independent 
quantity. 

The  fundamental  equations  governing  the 
motion  of  a  crystal*  are: 


,  52|      1   d2£ .  T/        /' 


(b)    *,= 


1   oEt .  dP 


4ir    bt 


+1>7 


(1) 


(c)  -y=sY+dEf      or  -y=sY+dEf 

(d)  P=d¥+KEf    or    P=dY+KEf 


where  the  symbols  are  defined  as  follows: 

£= particle  displacement 
Ef— field  intensity 
P= polarization 
^—current  density 
Y=  stress 
y —strain 
K—  susceptibility 

d= piezoelectric  constant 

s= elastic  constant 
pc— density  of  crystal 

These  expressions  are  now  used  to  obtain 
relations  between  the  particle  velocity  \,  the 
force  F,  the  current  i,  and  the  voltage  E. 

Time  variation,  for  sinusoidal  vibration, 
can  be  separated  from  the  wave  equation  by 
letting  \—&iat.  The  differential  equation  then 
takes  the  form: 

it 

dx* 
Obviously  £  satisfies  the  same  equation: 

dx^yvjs- u> 

the  solution  of  which  is: 


<vj^> 


(2) 


i=^i  cos  (y)  xJrB  s*n  (v ) x' 


(3) 


At  z=Q,  £=£!.     Therefore,  <£**&, 

To    evaluate    the    other    constant,    B,    we 
express  the  strain  in  terms  of  the  displacement: 

y~w 

Since 
we  have: 

y      J(J  OX 

On  differentiating  (3)  we  obtain: 

(4) 

If  we  now  substitute  Y—Fjllw  and  Ef=Ellt 
into  Eq.  (1-c),  it  becomes: 


*See  Mueller,  Properties  of  Rochelle  Salt,  Phys.  Rev.  57, 
829  (1940).  See  also  Appendix  C. 


-y= 


TL+dV 
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(6) 


Usinz  —  V—  —  i-^r  and  substituting  from  (4),  the  following  expression  results: 

At  x=0,  J=.Fi.     Therefore, 

Substituting  this  expression  for  B  into  (3)  we  have: 

Introducing 
gives: 

«~*  cos  ^),--^-^F-  sm ^J* 
Upon  substituting  the  value  of  B  into  Eq.  (5)  and  using  Vc=  Vl/pc«  we  obtain 

[f+^]=[iW^]  cos  (£)x-&IMpM*  sin  (£)*• 

Equations  (6)  and  (7)  express  the  force,  F,  and  particle  velocity,  £,  in  terms  of  the  fundamen- 
tal constants  of  the  system,  the  boundary  conditions,  and  the  voltage.  An  expression  involving 
the  current  is  still  needed.     We  proceed  in  the  following  manner. 

The  total  currentTis  given  in  terms  of  the  current  density  id  as 

i=  \    ° ldlwdx=lw  \    'Zddx,  or  i—lw J     i,4x.  (8) 

From  (1-b), 

%i~Tr    bt  +  d/  " 
Letting  __ 

and  id=idejwt 


(7) 


we  get:    id=jd  ^EJ/H-PJ- 
After  replacing  F  by  jj-  and  £,  by  E/l,  in  (1-d)  we  have 


P—  -  F  I  KE- 

Itlw  *t 


Substituting  this  expression  for  P  in  the  expression  for  id  yields: 
Equation  (8)  now  becomes: 

^<T(^*)!+*f/>  (9) 
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Solving  (7)  for  F,  substituting  the  resulting  expression  in  (9),  and  integrating,  we  obtain: 


^(vTKf )(cos  ^«-1-)]-  (io) 

This  expression  can  be  simplified  considerably  by  simple  algebraic  manipulation.     Equation  (6), 
when  written  for  t2(x—Le),  becomes 

Rewriting,  we  obtain: 

[fl+|w?]  sin  (f/*)=  -Jiu(ff  [ji  cos(^ic)  -|2] 

Substituting  this  in  (10),  eliminating  pc  by  means  of  Vc—<%  — >  and  rearranging,  we  get: 

\  pes 

If  we  let  C0=^(l +4x^-4*!) 

we  can  write  the  simplified  form: 

E(judj=i^(j;2-tt'  (n) 

We  now  have  the  three  equations  (6),  (7),  and  (11)  which  relate  £,  F,  i,  and  E.  These  are 
used  as  a  basis  for  the  remainder  of  the  theory  given  in  Part  II.  We  reprint  them  here  for  con- 
venience in  reference: 

(a)  ^=^x  cos  (yjx-j     1  z*      sin  \yj* 

(b)  IF+vE^lEi-hpE]  cos  (y^x-faZo  sin  (y^x  (12) 


where 


(c)  EjuCo=i+<p(h-Zi) 

dlw 


Zo=ltl„(fff=lJ„(>tVc 
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Co  is  called  the  longitudinally  clamped  capacity  throughout  Part  I.     It  is  the  capacity  of  the 
crystal  when  i1=^2==0. 

Equations  (12)  are  sufficient  for  a  complete  determination  of  the  crystal  system.  It 
should  be  noted  that  the  three  equations  are  unchanged  when  root-mean-square  values  are 
substituted  for  amplitudes.  Root-mean-square  values  are  to  be  understood  in  all  equations 
in  the  remaining  sections. 
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SECTION  2 
ELECTRICAL  INPUT  IMPEDANCE 

A  general  expression  for  the  electrical  input  impedance  of  a  crystal,  terminated  at  each  end  in 
any  acoustic  impedance,- is  derived  here  from  equations  (12)  in  the  preceding  section.  The  ex- 
pression is  then  simplified  for  the  case  of  a  crystal  terminated  in  a  purely  resistive  load  (represent- 
ing radiation)  on  one  end,  and  a  purely  reactive  load  (representing  the  effect  of  the  backing  material) 
on  the  other  end. 


*,*- 

r 

x=o 

H 

Figure  9. 

X»LC 

In  the  following  discussion,  Z's  with  single  numerical  subscripts  (Zx,  Z2,  -  -)  represent  mechan- 
ical impedance;  i.  e.,  the  ratio  of  force  to  velocity.  Z's  with  the  subscript  a  and  a  numerical  sub- 
script (Zal,  Za2,  -  -  -)  represent  acoustic  impedance;  i.  e.,  the  ratio  of  pressure  to  velocity.  Defi- 
nitions and  conventions  will  be  found  in  Appendix  A. 

At  x=Lc,  equations  (12)  become: 

(a)  £2=£i  cos  {vjLe-jl     £      sin  [yJLe 

(b)  [F2+vE]=[Fi+<pE]  cos  (j£)  Le-faZo  smQrJlc  (13) 

(c)  juGoE^i+vih^Zi) 

If  we  terminate  the  crystal  in  mechanical  impedances  Zi  and  Z2  as  shown  in  Fig  9,  then 
Fi=—  Zx\x  and  F2=Z2\2.     (Note  the  sign  convention,  page  170,  in  Appendix  A.) 

Substituting  these  relations  in  (13)  and  collecting  terms: 

(a)  *  [cos  «£+,  I  sm  yf  J~^-%  ^  ^ 

(b)  h [Zx  cos  ^c+iZo  sin  ^e]  +Z2£2=  -<pE(l -cos  ^)  (14) 


Letting 


(c)  <p(l2-£i)+i=j<»C0E. 

a)Lr  ,  .Zx  „.    o)Le 
a11=cos^<:-fj2r  sm  ~y~e 

a12=  —  1 

a2i=Z1  cos  -y-c+jZ0  sm  -y- 

ct22^  Z2 

02=(1— COS   -pr-  J 
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expressions  (14)  become: 

(a)  iian+z2ai2=bi<pE 

(b)  iia21+^2022=  —  b2(pE 

(c)  <p(h-Zi)+i=jo>C0E 

Solving  (a)  and  (b)  for  £j  and  £2, 


(15) 


and  substituting  into  (c)  yields: 


1  b&E 

\—b2<pI 

au\ 

?       *22| 

-=Etp$x     where  &=- 

|6i 
1-6. 

*12| 
*22|    . 

|*n 

*12| 

1*11 

*J 

\<hi 

*22| 

1*21 

*22| 

kn 

\<hi      ~ 

b&El 
-b2<pE\ 

-=E<p02    where  02=- 

1*11 
1*21 

6,1 

-b2\ 

|*ii 

*w| 

1*11 

au\ 

1*21 

*22| 

1*21 

*22| 

yields: 

i= 

jwCoE-^Eifa-h) 

(16) 


or 

Then  the  electrical  input  impedance  Ze  becomes: 

zlM=—-l 

r-  %  i«a+^(ft-/32) 

This  expression  can  be  represented  by  either  of  the  equivalent  electrical  circuits  shown 
10  (a)  and  10  (b). 


(17) 
in  Fig 


I  TO  tf 


Z: 


(a) 

7  J 

Figure  10. 
We  must  now  find  an  explicit  form  for  the  quantity 


(fc-flj 


0i~& 

Upon  substituting  for  ft  and  /32  their  values  in  terms  of  the  2's  and  after  some 
lation,  we  obtain: 

i     ,[(t+i)cos^sin^(ti+1)] 


01.—  02 


zt 


2(1— cos  7C)  +j 


Az^zJ 


raic  manipu- 


(18) 
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where  ye=-y£- 

If  the  load  on  one  end  of  the  crystal  is  purely  reactive  (backing  material)  and  that  on  the  other 
end  is  purely  resistive  (radiation),  we  can  write: 

§rjGuUi 

Z~2c 
where  GlcUi  is  then  the  impedance  (per  unit  area)  presented  to  the  crystal  by  the  backing  mate- 
rial divided  by  the  characteristic  impedance  of  the  crystal,  and  G2c  is  the  characteristic  impedance 
of  the  medium  into  which  the  crystal  is  radiating  divided  by  the  characteristic  impedance   of 
the  crystal. 

Now,  letting  R0  +jXn  =  .      ~ 

and  making  use  of  (18),  we  find: 

,  v  Bo_r UGicUi  sin  7c)  +  (1  -cos  yc)]2 

W  Z-^cGlc  sin2ye+[{GuUl  sin  7c)+2(l-cos  yc)f 

(19) 
fu\  X°     G^{GiJJ\  sin  7c-cos  7c)  sin  ye—  (QleUi  cos  jc+sm  ye)[(GieUi  sin  yc)  +2(1— cos  ye)] 
W  Z0~  G%c  sin2  ye+[(GlcUx  sin  yc)  +2(l-cos  ye)]2 

In  terms  of  these  two  quantities  we  can  write  an  expression  for  the  motional  electrical  impedance 
Z,  defined  in  Fig.  10-a: 


r?  Z0/Ro...Xq\ 


Zi  is  combined  with  the  impedance  of  the  purely  electrical  part  of  the  system  (C0,  coupling 
circuits,  etc.)  to  give  the  total  electrical  input  impedance. 

Curves  which  may  be  used  to  evaluate  R0IZ0  and  X0/Z0  for  any  particular  projector  are  given 
in  Part  I,  Section  5.    A  discussion  of  the  electrical  input  impedance  is  also  given  in  that  section. 
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SECTION  3 
ACOUSTIC  INPUT  IMPEDANCE 

Acoustic  input  impedance  is  of  importance  in  the  calculation  of  the  sensitivity  of  such  equip- 
ment as  projectors  and  accelerometers  as  well  as  in  the  determination  of  the  interaction  between 
the  crystal  system  and  the  system  under  measurement.  In  this  section  we  obtain  an  expression 
for  the  acoustic  input  impedance  into  one  end  of  the  crystal  for  any  reactive  termination  on  the 
other  end,  and  for  various  electrical  loading  conditions. 

We  begin  with  the  fundamental  equations  (12)  on  page  153  and  let  z=Zc.     Writing  yc  for 

■y->  the  equations  are: 

(a)  &= {i  cos  7C-;      y      sin  yc 

(b)  [F%+<pE\  =  \Fx+<pE\  cos  7c-#i  sin "7c  (20) 

(c)  ju>C0E=i+ «?&-&). 

Now,  let  the  electrical  terminating  impedance  Rt+jXt  be  designated  by  jZt.  This  form  is 
used  for  convenience  in  combining  with  the  juCoE  term  of  (20— c),  also  because  the  termination  is 
usually  largely  reactive  in  the  cases  of  interest.     Then,  from  the  definition  of  jZt 


Zi^Xt—jRt. 


Since  {=—^~  *,  (20— c)  becomes: 


solving  for  E, 


[W(7n-|-J 


If  the  termination  is  a  pure  condenser,  y-  =  — o>O0>  and 

With  equation  (21)  for  the  voltage  E  in  terms  of  the  electrical  load  and  the  particle  velocities, 
we  can  proceed  with  the  derivation  by  substituting  this  expression  into  (20— a)  and  (20— b).  We 
note,  also,  that  since  one  end  of  the  crystal  is  terminated  in  a  mechanical  impedance  Zx  (backing 
material),  we  have  Fi——Z1'^1*. 

Equations  (20— a)  and  (20— b)  then  become: 

,  s  .     .  .1      l6+i(«c0-i/z,)J  ■ 

(a)  {,**&  cos  yc-j± H  J  am  7c 

z/o  (22) 

(b)  I    F2  +  -^2— >''        II    -2I|I  +  ->^£-sV>     |COS7c-7€i^SinTr 


[-«)]-[—,#!)]— 


*See  Appendix  A,  page  170. 
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Solving  (22— a)  for  ft,  we  find: 

h=kr 


i  I        <f>2         sin  n* 

1  +  (a>(7o-l/Z()     Z0 


COS  7e  + 


LJZi+(co(7o-i/zt)Jrzr 

Equation  (22—6)  may  be  rearranged  to  give: 

'2+*2Lj(a>a>-i/zo  J~^Li(^0-i/zt)  ~ZiC0S  ^-^ sin  ^J 

Substituting  expression  (23)  for  j,  into  (24)  and  simplifying,  we  obtain  the  following  form: 
^2      (o)<70—  TjZJZptt1  ~cos  7c^ +  (Zl/Z°)  sin  ^  +  (zi/zo)  cos  7c+i  sin  7< 


^z0 


Letting 


C0S  7c+(co(70-l/ZOZo  Sin  *+;W3D  sin  7c 


0~(a;(7o-l/Z,)Z 

and  remembering  that  Zi/Zq^^cC/i  expression  (25)  becomes: 

__  JBj_  =  ^[2(1 -cos  7c)  +  GlcUi  sin  7c]  +  fic^i  cos  7e+sin  yc 
hZo    3  cos  jc—GuUi  sin  yc-\-d  sin  ye 

W 
Now,  — —  is  the  mechanical  input  impedance  ZM.     See  Fig.  11. 


h 


x=o 

Figure  11. 
Writing  (26)  in  terms  of  tan  yc,  we  obtain: 


ZM      .g[2  tan  (7c/2)  +  (yic?71]+[l  +  ^c?7lc/tan  yt] 


Zo 


d+iil/ttmyJ-GnUr] 


(23) 


(24) 


(25) 


(26) 


(27) 


Curves  of  ZM/Z0  are  given  in  Section  6,  Part  I.     The  first  family  of  curves  shows  the  variation 
of  ZM/Z0  for  |0|  ?£0.1.     The  remaining  curves  of  the  set  are  plotted  for  real  values  of  6  between 

+0.1  and  +40.0.     This  is  the  case  of   essentially   capacitative  loading;  i.e.,-~-- -— a>C,  so  that 


(o>C0-UZt)Z, 


becomes  0= 


*c.+®z. 
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The  acoustic  input  impedance  Z„  is  given  by: 

Ae=lJt  is  the  area  of  the  end  of  the  crystal.  * 

The  acoustic  input  impedance  is  used  in  calculating  sensitivity  (explained  in  Section  6  of 
Part  I)  or  in  determining  the  effect  of  the  measuring  device  on  the  system  under  measurement. 
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SECTION  4 
RESONANT  FREQUENCY 

Since  it  is  often  necessary  to  obtain  quickly  estimates  of  the  resonant  frequencies  of  a  given 
crystal  system,  a  method  for  their  determination  which  does  not  involve  plotting  a  reactance  curve 
is  very  convenient.     This  section  presents  such  a  method  for  an  undamped  system. 

The  effect  of  damping  (from  radiation  or  other  causes)  on  resonant  frequency  is  very  small  in 
many  systems;  consequently  we  can  approximate  the  resonant  frequencies  very  closely  by  cal- 
culations which  ignore  the  damping.  For  systems  in  which  damping  causes  a  large  shift  in  resonant 
frequencies,  a  reactance  curve  should  be  plotted  and  the  resonant  frequencies  determined  from 
its  zeros. 

The  electrical  resonant  frequencies  are  taken  to  be  the  frequencies  at  which  the  reactive 
component  of  the  motional  impedance  goes  to  zero.  Frequencies  at  which  the  reactive  component 
has  a  minimum  not  zero  are  designated  as  secondary  resonances.  For  example  see  Sections  2,  4 
and  5  of  Part  I.     Secondary  resonances  are  described  in  Section  5,  Part  I. 

When  there  is  no  damping, 

and 

Z2/Z0=jG2eU2; 

that  is,  the  loads  are  purely  reactive. 

It  should  be  noted  that  the  general  curves  of  Part  I  apply  to  systems  with  a  reactive  load  on 
one  end  and  a  resistive  load  on  the  other  end.  When  damping  is  ignored  in  such  a  system  the 
resistive  load  on  the  radiating  face  of  the  crystal  is  taken  equal  to  zero.  It  is  desirable,  however, 
to  have  resonant  frequency  curves  for  systems  which  have  a  reactive  load  on  each  end. 

Formulas  giving  the  resonant  frequencies  for  undamped  systems  will  be  derived  by  considering 
the  zeros  of  the  function 

ir-R  (28) 

Pl  —  P2 

where  ft  and  &  are  defined  on  page  156  of  Part  II.     The  condition  for  resonance  then  reduces  to 

AGnUx  +  GM  cos  7c+i  sin  y£-(hJ7iQuUf+\\^.  (29) 

when  the  substitutions  Zx\Z0^=jGxJJ\  and  Z2fZ0^jG2eU2  are  made. 
Equation  (29)  can  be  rearranged  into 


.     GlcUi+G2cU2  fof\\ 

tan  ai=GuUi 

tan  a2=G2cU2 

tan  7t=—  tan  (<xi-\-a2), 
or 

7c+ai+a2=s=  nir     n=  1,2,3 ,  (31) 

and  n  —  \  gives  the  condition  for  first  resonance,  n  =  2  the  condition  for  second  resonance,  etc. 


If  we  let 

and 

equation  (30)  becomes 
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For  the  particular  case  of  a  single  backing  material  on  each  end 
a^tan"1  G^^tan"1  [&&*  tan  Sfel 

I  *  L    PcVc  VmlJ 

a2=tan"1  6?2eC72=tan-1  fe^2  tan  ^p\  (32) 

When  the  crystal  has  a  reactive  load  on  only  one  end  and  there  is  no  damping,  equation  (31)  reduces 
to 

ye+<xi=nir  -(33) 

Curves  and  a  complete  discussion  of  resonant  frequency,  are  given  in  Section  2,  Part  I. 
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SECTION  5 
SENSITIVITY 

Formulas  for  the  calculation  of  sensitivity  are  presented  in  this  section  with  the  method  of 
derivation  indicated,  but  no  mathematical  details  are  given.  The  formulas  express  sensitivity  in 
terms  of  either  voltage  output  per  unit  pressure  applied,  or  voltage  output  per  unit  velocity  applied. 
It  is  obvious  that  sensitivity  is  important  in  the  design  of  devices  to  be  used  for  measuring  pressure 
or  velocity,  such  as  projectors  used  as  hydrophones  and  accelerometers. 

When  the  crystal  device  disturbs  the  system  to  be  measured  (i.  e.,  when  the  system  being  meas- 
ured does  not  act  like  a  pure  force  generator  or  a  pure  velocity  generator  to  the  measuring  instru- 
ment), the  pressure  or  velocity  presented  to  the  crystal  system  can  be  obtained  by  determining  the 
interaction  between  the  systems.  A  necessary  quantity  in  this  evaluation  is  the  acoustic  input 
impedance  into  the  crystal  system. 

Steps  in  the  calculation  of  sensitivity  are  as  follows: 

1.  A  voltage  #0  is  calculated  from  the  known  pressure  or  velocity  at  the  crystal  face.  This 
voltage  E0  is  not  a  measurable  quantity  but  is  the  Voltage  which  would  be  measured  at  the 
electrodes  of  the  crystals  under  no  external  load  and  no  longitudinally  clamped  capacity. 

2.  The  electrical  input  impedance  Ze  is  calculated  for  the  proper  termination  on  the  driven 
face  of  the  crystal.  When  pressure  is  used  as  the  working  variable  the  proper  termination 
is  zero  acoustic  impedance,  G2c=0;  when  velocity  is  used  as  the  working  variable  the  proper 
termination  is  infinite  acoustic  impedance,  G2c=  °° . 

3.  The  voltage  across  the  given  electrical  load  (the  sensitivity)  is  calculated  by  placing  a 
generator  in  series  with  the  electrical  input  impedance  and  the  given  load.  The  E.  M.  F. 
of  the  generator  is  the  E0  obtained  in  Step  1  and  the  electrical  input  impedance  is  the  Ze 
calculated  in  Step  2. 

If  the  interaction  mentioned  in  the  first  paragraph  is  not  negligible,  the  pressure  or  velocity  at 
the  crystal  face  is  determined  from  a  knowledge  of  the  acoustic  input  impedance  into  the  crystal 
system.  See  Section  3,  Part  II  and  Section  6,  Part  I.  For  plane  projectors  several  wave  lengths 
in  diameter,  the  pressure  at  the  interface  in  terms  of  the  free  field  sound  pressure  is  given  approxi- 
mately by 

PA        2ZJP2V2  (u) 

\Pl\~^i+(za/P2v2y  ■  K*  } 

where  Za  is  the  acoustic  input  impedance,  p2V2  is  the  characteristic  impedance  of  the  medium  driving 
the  projector,  P2  is  the  pressure  at  the  face,  and  P+  is  the  free  field  sound  pressure.  This  formula 
follows  directly  from  the  definition  of  the  acoustic  impedance.  The  force  per  crystal,  F2)  is  then  the 
pressure,  P2,  times  the  cross-sectional  area  of  the  crystal,  ltlw:  F2=P2ltlu> 

The  velocity  at  the  crystal  face  in  terms  of  the  free  field  pressure  is  given  approximately  by 

I  &  I     /  2   \      (P2V2/Za) 

where  the  symbols  are  the  same  as  those  defined  for  equation  (34) .  « 

The  voltage  E0  can  be  obtained  from  the  fundamental  relations  (12),  Part  II,  Section  1,  by 
letting  x=Lc,  ^=0,  and  Co=0.    When  this  is  done  the  following  relations  for  the  voltage  E0  result: 

tm*+Gul\  1E  tan*+fl,tt 

Fi    2tanJ+6?let/1  *  ^        2  tan  ^+GleUx 


or 


where 


fc-'-G) 


2tan^+0leE71 
h 
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and 


or     5=if  (tanf^CUt) 

1-2  <P  6 


(37) 


Expression  (36)  gives  JE0  in  terms  of  the  force,  F2,  and  (37)  gives  E0  in  terms  of  the  velocity,  \2. 
Expression  (36)  is  plotted  in  Section  6,  Part  I. 

The  input  electrical  impedance  for  the  crystal  terminated  in  zero  impedance  (6f2c=0)  can  be 
obtained  by  multiplying  the  XJZQ  obtained  from  the  curves  on  page  87,  Section  5,  Part  I  by  Z0/<p2; 


.  Z0  Xo 
i.e.,  Ze  =  j  -i-*r. 


The  electrical  impedance  for  infinite  terminating  impedance  (G2c=  « )  can  be  obtained  from 


Ze 


Z0  (G]CTJX  —  cot  yc 


hi 


> 


(38) 


The  zero  termination  should  be  used  in  conjunction  with  expression  (36)  and  the  infinite  termi- 
nation with  (37). 

The  expression  for  the  voltage  across  a  given  electrical  load  (see  Fig.  12  for  illustration)  is: 


^-•^Gc+fc} 


(39) 


ZL 


Figure  12. 


If  (39)  is  combined  with  (36)  and  (37),  we  obtain  the  two  following  convenient  forms  for  sensi- 
tivity in  terms  of  force  and  velocity: 


A  discussion  of  sensitivity  characteristics  is  given  in  Section  6,  of  Part  I. 


(40) 


(41) 
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SECTION  6 
STRESS 

In  this  section  an  expression  is  developed  for  obtaining  the  stress  distribution  in  the  crystal,  a 
quantity  which  is  useful  in  evaluating  the  losses  in  the  glue  joints  which  fasten  the  crystal  to  the 
remainder  of  the  system.  The  particle  velocity,  useful  in  determining  the  position  of  mounting, 
can  be  obtained  in  a  similar  fashion. 

The  fundamental  equation  determining  the  stress  is  equation  (12-b)  of  Section  1,  Part  II, 
repeated  here  for  convenience : 

{F+<pE)  =  {Fx  +  ipE)  cos  yx-faZ,  sin  ^x.  (42) 

Now 

%i=<pE0i 
l-2=<pEp2 

Pi  and  &  are  denned  on  page  156.     From  (16) 

•E-_  fe  „    ii 

On  substituting  into  expression  (42)  we  obtain: 

(F-£eHF'-ij) cos  f.^  (I) sin  £*■  w 

Let  fi+Jf-ffi,  7*=^ 


then  (43)  becomes,  after  rearranging: 

jr=  (m+»  +  (1 — /*-»  cos  (ye  jrj+3  gj  sin  (7,  j-\  (44) 

For  a  crystal  with  a  reactive  load  on  one  end  and  resistive  load  on  the  other,  Z^ZX  =*  —jf(GuUi) 
from  definition  of  GUUX.     When  this  is  substituted  into  (44)  the  absolute  value  of  FjFx  is  given  by: 

|^|={[„(l-cos  7«£)+coS  r.£+ajjo;  sin  7t£J+[,(l-C0S  7,£)J}J  (45) 

Explicit  formulas  [for  ju  and  v  can  readily  be  obtained.    After  some  algebraic  manipulation 
the  following  forms  result: 

fa\   „ 1     (1-coa  7c) +  (&«)' am  TcCost.    cos  7.(1 -cos  yc)-{Gu)2&\&2yc 

W  M        fl'ic^i      (l-cos7o)2+(^2c)2sin27c     T      (1— cos7c)2+(^2c)2sin27<! 

(46) 
(?2e  sin  7C 


(M  »_   &c    cos  7c(l— cos  yc)—  sin7e    , 
J    -®uUx  (1-cos  7c)2+(^2e)2  sin27c+ 


(l-cos7c)2+(6r2e)2sin27e 


When  z=Zc,  expression  (45)  gives  the  ratio  of  the  force  at  the  driven  end,  F2,  to  the  force 
at  the  glue  joint,  Fx.  This  ratio  is  plotted  in  Section  7,  Part  I  for  various  values  of  GxeUx  and 
for  the  particular  value  of  G2c  corresponding  to  the  ratio  of  the  characteristic  impedances  of  water 
and  ADP  crystals. 
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APPENDIX  A 
SYMBOLS,  DEFINITIONS,  CONVENTIONS 

A  table  of  symbols  and  their  definitions  is  given  on  the  following  pages.     The  various  con- 
ventions used  are  also  included  in  this  Appendix. 

SYMBOLS  AND  DEFINITIONS 

A  subscript  c  refers  to  the  crystals ;  subscripts  1  and  2  refer  to  the  left  and  right  ends  of  the 
crystal  respectively. 

ROMAN  SYMBOLS  ROMAN  SYMBOLS 


SYMBOL 

DEFINITION 

SYMBOL 

DEFINITION 

A 

Area 

P 

Pressure 

Co 

Longitudinally  clamped  capacity 

Pi 

Pressure  at  end  1  of  crystal 

of  crystal 

P2 

Pressure  at  end  2  of  crystal 

C0T 

Longitudinally  clamped   capacity 

P+ 

Free  field  sound  pressure 

of  crystal  combination 

R+jX 

Reciprocal  of  G-\-jB 

d 

Piezoelectric  constant 

ex.  Rtm+JBtm=1/(GTm+JBtm) 

E 

Voltage 

R0 

RoA?2  is  the  resistive  component  of 

Ef 

Field  strength 

the  motional  impedance. 

F 

Force 

R<+jX< 

Motional  impedance  per  crystal 

Fl 

Force  at  left  end  of  crystal 

s 

Elastic    constant     (reciprocal    of 

& 

Force  at  right  end  of  crystal 

Young's    Modulus    for    a    long 

PtVt  At 

bar) 

Gu 

PcVc   Ac 

V 

Sound  velocity 

Vc 

Sound  velocity  in  crystal 

{GUUX) 

Input    impedance    presented    by 

vt 

Sound    velocity    in    ith    backing 

the    backing    material    to    the 

material 

crystal  (per  unit  area  of  crystal), 

vw 

Sound  velocity  in  driven  medium 

divided    by    the    characteristic 

X0 

X0/<p2  is  the  reactive  component  of 

impedance  of  the  crystal 

the    motional    impedance    (per 

GiUBi 

Motional  admittance  per  crystal 

crystal) 

GTM-\-jBTM 

Total  motional  admittance  of  crys- 

xt 

Acoustic  reactance 

tal  combination 

Y 

Stress 

Gtc+JBTc 

Admittance    of    cable    (coupling 

y 

Strain 

network)    plus    admittance    of 

z0 

ltLpcVc 

longitudinally  clamped  capacity 

Zm 

Mechanical  impedance,  the  ratio 

of  crystal  combination 

of  force  to  velocity 

GT+jBT 

Total  admittance 

Zltfi 

Mechanical  impedance  of  the  ith 

G2e 

P2V2  A2 

material 

PcVc  Ac 

za 

Acoustic  impedance,  the  mechan- 

ical impedance  per  unit  area  or 

i 

Current 

ratio  of  pressure  to  velocity, 

ia 

Current  density 

Zal 

Acoustic    impedance    of    the    ith. 

K 

Dielectric  susceptibility 

material 

L 

Length 

ze 

Electrical  impedance 

Lc 

Length  of  crystal 

Zi 

Motional   impedance   per   crystal 

Li 

Length  of  the  i\fo  backing  material 

(contribution  of  the  mechanical 

L 

Width  of  crystal 

motion  of   the   crystal    to    the 

h 

Distance  between  electroded  faces 

electrical  impedance) 

(thickness  of  crystal) 

3Zt 

Electrical  terminating  impedance 

P 

Polarization 

Zit 

Total  electrical  input  impedance 
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SYMBOLS  AND  DEFINITIONS 


GREEK  SYMBOLS 

SYMBOL 

DEFINITION 

«i 

a1=tan~16rieZ71 

«2 

a2=taji~1G2cU2 

7 

~V 

7c 

■jT  refers  to  crystal 

7< 


— j \  refers  to  ith  backing  material. 
1  ym  is  sometimes  used  in  refering 
to    the    backing    material   of 
single  backing  material   sys- 
tems. 


GREEK  SYMBOLS 

SYMBOL 


DEFINITION 

(dis) 
(P2Iq)CoZq 

Density;    pc    density    of    crystal; 

p«,  density  of  driven  medium 
Particle  displacement 
Particle  velocity  at  end  1  of  crystal 
Particle  velocity  at  end  2  of  crystal 


The  following  conventions  have  been  used  throughout  the  report. 

(1)  Time  variation  is  indicated  by  the  positive  exponential;  i.e.,  e+jut.  The  acoustic  impedance 
of  short  lengths  of  material  is  then  a  positive  reactance. 

(2)  In  evaluating  the  input  mechanical  impedance  into  a  system,  the  positive  direction  of  the 
velocity  is  taken  in  the  direction  of  the  normal  directed  into  the  system.  See  Fig.  13.  This 
convention  determines  the  signs  of  the  impedances  terminating  the  crystal  when  the  positive 
direction  of  the  particle  velocity  is  taken  in  the  direction  of  the  positive  x-axis.  The  ratio  of  force 
to  velocity  at  the  left  end  is  negative,  and  the  ratio  of  force  to  velocity  at  the  right  end  is  positive. 

(3)  The  convention  for  electrical  terminations  is  illustrated  by  Figure  14. 


SYSTEM 

Z  < 

i 

♦E 

NETWORK 

♦  I  •* 

E 

Figure  13. 


Figure  14. 
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APPENDIX  B 
UNITS  AND  TABLES  OF  CONSTANTS 


In  this  section  the  various  fundamental  con- 
stants are  tabulated  for  convenience.  Two  systems 
of  units  are  used,  namely  the  unrationalized  MKS 
and  cgs  systems.  This  will  cause  no  confusion 
since  the  units  of  each  quantity  and  the  system 
used  are  explicitly  stated  in  all  tables  and  in  any 
place  where  a  new  quantity  is  introduced. 

The  MKS  system  is  almost  always  used  in 
calculations  leading  up  to  the  final  result.  The 
final  result  is  in  some  cases  expressed  in  cgs 
units  since  it  is  realized  that  the  magnitudes  of 
quantities  expressed  in  MKS  units  may  appear 
unfamiliar.  A  conversion  table  for  transforming 
from  the  MKS  to  the  cgs  system  or  vice  versa 
is  included  in  this  appendix. 
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DB.  CHART 


Voltage 

Power 

— <-d.  b.-»  + 

Voltage 

Power 

ratio 

ratio 

ratio 

ratio 

1.00 

1.00 

0.0 

1.00 

1.00 

0.94 

0.89 

0.5 

1.06 

1.12 

0.89 

0.79 

1.0 

1.12 

1.26 

0.84 

0.71 

1.5 

1.19 

1.41 

0.79 

0.63 

2.0 

1.26 

1.59 

0.75 

0.56 

2.5 

1.33 

1.78 

0.71 

0.50 

3.0 

1.41 

2.00 

0.67 

0.45 

3.5 

1.50 

2.24 

0.63 

0.40 

4.0 

1.59 

2.51 

0.60 

0.35 

4.5 

1.68 

2.82 

0.56 

0.32 

5.0 

1.78 

3.  16 

0.53 

0.28 

5.5 

1.88 

3.55 

0.50 

0.25 

6.0 

2.00 

3.98 

0.47 

0.22 

6.5 

2.11 

4.47 

0.45 

0,20 

7.0 

2.24 

5.01 

0.42 

0.18 

7.5 

2.37 

5.62 

0.40 

0.  16 

8.0 

2.51 

6.31 

0.38 

0.14 

8.5 

2.66 

7.08 

0.35 

0.13 

9.0 

2.82 

7.94 

0.33 

0.11 

9.5 

2.99 

8.91 

0.32 

0.  10 

10.0 

3.16 

10.0 

0.30 

0.089 

10.5 

3.35 

11.2 

0.28 

0.079 

11.0 

3.55 

12.6 

0.27 

0.071 

11.5 

3.76 

14.1 

0.25 

0.063 

12.0 

3.98 

15.9 

0.24 

0.056 

12.5 

4.22 

17.8 

0.22 

0.  050 

13.0 

4.47 

20.0 

0.21 

0.045 

13.5 

4.73 

22.4 

0.20 

0.040 

14.0 

5.01 

25.1 

0.  19 

0.  035 

14.5 

5.31 

28.2 

0.18 

0.032 

15.0 

5.  62 

31.6 

0.17 

0.  028 

15.5 

5.96 

35.  8 

0.16 

0.025 

16.0 

6.31 

39.8 

0.15 

0.022 

16.5 

6.68 

44.7 

0.14 

0.020 

17.0 

7.08 

50.1 

0.  13 

0.018 

17.5 

7.50 

56.2 

0.13 

0.016 

18.0 

7.94 

63.1 

0.12 

0.014 

18.5 

8.41 

70.8 

0.11 

0.013 

19.0 

8;  91 

79.4 

0.11 

0.011 

19.5 

9.44 

89.1 

0.10 

0.010 

20.0 

10.00 

100.0 
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APPENDIX  C 
LONGITUDINAL  AND  THICKNESS  MODES 


In  this  appendix  equations  applicable  to  the 
calculation  of  the  properties  of  two  types  of 
crystal  vibration  are  derived  from  the  general 
equations  of  piezoelectricity.  The  first  type  of 
vibration  considered,  is  designated  by  the  term 
"longitudinal";  the  second,  by  the  term  "thick- 
ness". The  equations  for  the  former  type  are  those 
used  as  a  basis  for  the  theoretical  development 
given  in  Part  II,  Sections  1  to  6.  They  are  stated 
explicitly  on  page  151.  Equations  for  the  latter  or 
thickness  type  are  similar  in  form.  These  have 
been  used  to  investigate  the  characteristics  of 
this  vibrational  state.  The  results  of  the  analysis 
are  summarized  in  Appendix  D.  Also,  the  rein- 
terpretation  of  symbols  essential  for  applying  the 
theoretical  results  of  Part  II,  and  the  design 
curves  of  Part  I,  to  crystals  in  thickness  vibration 
is  presented  there. 

We  proceed  with  the  derivations  of  the  funda- 
mental equations  for  the  two  types  of  vibration. 
It  is  desirable  to  have  a  shorthand  notation  to 
simplify  the  presentation  which  follows.  Accord- 
ingly, the  following  terminology  is  employed. 

The  components  of  stress  are  designated  by  the 
letter  T  with  subscripts;  i.e.,  7\  •  •  •  T6  ,  and 

*A.  E.  H.  Love — A  Treatise  on  the  Mathematical  Theory 
of  Elasticity.  Dover,  1944. 


Tx  =  Xx 
T4  =  Yz 


T2  =  Yv 
T5  =  Zx 


T3  =  Z, 

i-  6    =    Xv 


where  Xx  •  •  •  Xu  are  the  symbols  used  in  many 
texts  on  elasticity.*  The  components  of  strain  are 
likewise  designated  by  S  with  subscripts;  i.e., 
Sx  ■  •  •  S6 ,  and 


Sx  = 


S4 


S2  = 


du2 
dx2 


dux 
dxx 

§u*        du2  „ 

dx2        dx3  5 


q         du3 


dUi        dUz 
dx3        dxx 


0         du2    .    dux 

ofi  =  —  +  - — 

oxx        dx2 


where  ux,  u2  and  u3  are  the  components  of  dis- 
placement along  the  axes  of  a  mutually  orthogonal 
coordinate  system.  The  components  of  electric 
field,  E,  and  the  polarization,  P,  are  designated  by 
E,-  and  P„  0"  =  1,  2,  3). 

If,  then,  we  choose  the  stress  and  field  as  inde- 
pendent variables,  the  piezoelectric  equations  are: 


S\  =  sf,7\  +  sEX2T2  +  sf3T3  +  sf4T4  +  sE5T5  +  sE,T6  +  dxxEx  +  d2xE2  +  d3XE3 

52  =  sf27\  +  sE22T2  +  sJ3T3  +  sE4T4  +  sB5T5  +  s2Bfi7'fi  +  di2Ex  +  d22E2  +  d32E3 

53  =  sf37\  +  sE3T2  +  s?3T3  +  s!<T*  +  s?5T5  +  s^  +  dX3Ex  +  d23E2  +  d33E3 

54  =  sf47\  +  sE4T2  +  sE4T3  +  sE44T4  +  s?5T5  +  s!«T6  +  dX4Ex  +  d2iE2  +  d34E3 

55  =  «f57\  +  sE5T2  +  sB,Ta  +  sf57T4  +  sfsTs  +  sfflTB  +  dX5Ex  +  d25E2  +  d35E3 

56  =  sfa7\  +  sE„T2  +  sf„773  +  sf67'4  +  s!,T5  +  sE*Ta  +  dx«Ex  +  d26E2  +  d3nE3 
Px  =  dxxTx  +  dX2T2  +  dx3T3  +  dx4T4  +  dX5Ts  +  dx«T,  +  kfxEx  +  kTX2E2  +  kTX3E3 
P2  =  d2XTx  +  d22T2  +  d23T3  +  d24T4  +  dnTt  +  d2nTn  +  kTX2Ex  +  kT„Ea  +  kT2iE3 
P*  =  da>7\  +  d32T2  +  d33T3  +  d34Tt  +  d^T,  +  dMT,  +  k?3Ex  +  kTi3E2  +  kTi3E3 


(1) 
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or  compactly, 


S  =  sBT  +  dtE 
P  =  dT  +  kTE. 


In  these  equations  certain  coefficients  may  be 
identically  zero.  This  is  determined  by  the  crystal 
class  and  the  orientation  of  the  crystal  with 
respect  to  the  reference  coordinate  system.  The 
orientation  of  the  coordinates  is  chosen  in  a  way 
convenient  for  discussing  the  vibrational  state  of 
the  cut  crystal. 

The  general  equations  are  now  particularized 
in  order  to  discuss  the  longitudinal  type  of  vibra- 
tion. The  following  properties  will  be  taken  as 
characteristic  of  this  vibrational  state: 

(a)  The  crystal  shape  is  that  of  a  parallelepiped. 

(b)  All  stress  components  but  one  are  small 
enough  to  be  neglected.  When  the  crystal 
is  oriented  with  the  long  axis  of  the  system 
along  the  xx  coordinate  T2  =  T3  —  T4  = 
T5  =  Ta  =  0,  Tx  *  0.  For  many  crystal 
systems  this  condition  implies  that  one 
dimension,  called  the  length,  is  much 
greater  than  the  other  two — width  and 
thickness. 

(c)  During  vibration  plane  sections  of  the 
parallelepiped  perpendicular  to  the  xx  axis 
remain  plane  sections. 

(d)  The  piezoelectric  coupling  is  such  that  a 
field  perpendicular  to  the  xx  axis  causes  a 
strain  in  the  direction  of  that  axis. 

When  the  above  conditions  are  imposed  on  the 
general  equations  (1)  the  particularized  form  is: 

Sx  =  sfj\  +  d21E2  +  d3XE3 

$2  =   sX2Tx  +  d22E2  +  ^32-^3 

S3  =  sX3Tx  +  d23E2  +  d33E3 

Si  =  sxiTx  +  d2iE2  +  d3iE3 

S5  =  sf5Tx  +  d25E2  +  d35E3  (2) 

S0  =  SieTi  +  d26E2  +  ^38^3 

Pi  =  dnTi  +  kfJt  +  kTx3E3 

p2  =  d21Tx  +  k22E2  +  k23E3 

P3  =  d3lTx  +  kT23E2  +  kl3E3 


To  these  equations  must  be  added  a  dynamical 
equation.  This  can  be  derived  in  the  following 
manner.  Consider  a  portion  of  the  crystal  be- 
tween two  parallel  planes  perpendicular  to  the 
xx  direction,  which  is  parallel  to  the  long  axis  of 
the  crystal  system  and  a  distance  Ax,  apart.  This 
is  illustrated  in  Figure  15. 

X.-r-U.X.+AX.+U.+Ad, 


X,   XfAX, 


Figure  15. 


Since  this  plane  section  remains  a  plane  section 
under  vibration,  Newton's  law  yields: 


[(r,).,+A„  "  (Ti)-JA  =  pAx,A 


which  leads  to 


dxx 


d\x 
dt 


(3) 


(4) 


A  current  relation  is  necessary  to  the  investiga- 
tion. It  may  be  obtained  by  noting  that  the 
current  density  at  the  electroded  face  of  a  crystal 
is  given  in  terms  of  the  time  rate  of  change  of  the 
normal  component  of  the  electric  displacemen 
D,  or  symbolically: 


licid  = 


dDn 

dt  ' 


When  the  crystal  system  is  oriented  with  the  long 
Dn  is  either  D2  or  D3.  Since 

1  dD,         .       „      0 


and 


therefore, 


4tt    dt 


Dj  =  Ei  +  4xP, 


1  dEj       &P+ 
4ir   dt   +    dt' 


(5) 
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Equations  (2),  (4)  and  (5)  constitute  the  basic 
equations  requisite  for  the  discussion  of  the  longi- 
tudinal type  of  vibration. 

Equation  (4)  may  be  written  in  terms  of  the 
displacement  and  the  electric  field  by  substituting 
for  Tx  from  the  first  of  equations  (2)  and  noticing 

that  Sx  =  ■—-;  i.e., 
dx. 


ay         be* 

Bxx  dxi 


d3x 


ggg 

Bxx 


i2 

b     Bux 

SllP~a? 


If  but  one  of  the  piezoelectric  coefficients  (d21, 
d3X)  is  large,  for  convenience  of  discussion  say  d2X, 
this  equation  becomes: 

d2ux         ,     BE2         E     B2ux 

^  ~~  "21  T~T   —  SnP  ~~ ^2 


Bx\ 


dxi 


at' 


However,  if  the  crystal  is  electroded  on  the  faces 
parallel  to  the  xx  x3  plane 


dEj 
Bxx 


0, 


and  the  above  equation  further  reduces  to 


ay 

Bx\ 


2    =    Slip 


B\x 

Be- 


rn 


The  equations  used  as  the  basis  of  the  theory  of 
Part  II  are  obtained  from  the  relations  under  dis- 
cussion by  making  suitable  changes  in  notation 
and  convention. 

We  collect  the  first  and  eighth  of  equations  (2) 
with  d3x  equal  to  zero,  equation  (5)  and  equation 
(6)  below: 


(7) 


Extensional  stress  has  been  denned  as  positive 
for  the  derivation  of  these  equations.  However,, 
if  we  consider  compressional  stress  positive, 
and  make  the  notational  changes  as  indicated 
in  the  table,  the  equations  (7)  take  the  form: 


-Si 

= 

E 

Tx  +  d2XE2 

p2 

= 

d2 

iTi  +  k 

22-^2 

id 

= 

1 

47T 

BE2 
Bt   ^ 

BP2 
Bt 

ay 

Bx\ 

= 

•5 

32ux 

p~a? 

(a) 


(b) 


(c) 
(d) 


Bx2 


1  & 
V2Bt2 


±BEf       BP 
4tt   Bt   +  Bt 


(8) 


-y  =  sY  +  dE, 
P  =  dY  +  KEf 


These  equations  are  identical  to  those  on  page 
151. 

Table  op  Corresponding  Notation 


y    *- 

St 

Y 

Tx 

Es 

E2 

P 

P2 

\ 

ux 

id 

id 

-d 

d2X 

s 

E 

K 

/C22 

X 

X, 

Vc 

Vl/psf, 

The  value  of  d  is  the  negative  of  the  value  of  fax 

• 

• 

• 

In  considering  the  thickness  type  of  vibration, 
it  is  advantageous  to  choose  the  strain  and  electric 
field  as  the  independent  variables  in  the  piezo- 
electric relations.  Consequently,  the  relations  for 
this  case  can  be  stated  concisely  as: 


T  =  cES  -  etE 
P  =  eS    +  ksE 


(9) 


where  the  constants  cf,,  e,,  and  A;f,  are  functions  of 
the  sf,  da  and  kjj  of  equations  (1),  page  176. 

The  following  properties  will  be  taken  as  defin- 
ing this  type  of  vibration: 

(a)  The  crystal  form  is  that  of  a  plate  whose 
thickness  is  small  compared  to  the  other 
dimensions. 

(b)  All  strain  components  but  one  are  small 
enough  to  be  neglected.  When  the  crystal  is 
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oriented  in  the  coordinate  system  with  the 
large  faces  parallel  to  the  x2x3  plane  S2  = 
S3  •••    =  S6  =  0,  St  *  0. 

(c)  During  vibration  plane  sections  of  the  plate 
parallel  to  the  large  faces,  that  is,  parallel  to 
the  x2x3  plane,  remain  plane  sections. 

(d)  The  piezoelectric  coupling  is  such  that  a  field 
in  the  direction  of  the  normal  to  the  x2x3 
plane  gives  rise  to  a  stress  in  the  direction  of 
the  normal.  The  remaining  two  components 
of  the  field  are  small  enough  to  be  neglected. 

When  subjected  to  these  conditions,  the  general 
equations  (9)  become: 

Tl  =  cfiSi  -  euEx 

T2  =  Ci2Si  —  €i2Ex 

T3  =  cf3St  -  e13E, 

T4  =  ctiSi  —  e1AEi 

T,  =  c?5Si  -  ex&E,  (10) 

T<  =  c^Si  -  exS 

P,  =e,n$,  +  kfxEt 

P2  —  e2iSi  -f-  kl2E] 

P3  =  e31Si  +  k^E, 

To  this  set  of  equations  must  be  added  a  dy- 
namical equation.  The  derivation  is  the  same  as 
that  for  the  preceding  case.  Consider  a  plane  sec- 
tion parallel  to  the  large  faces  with  thickness  Axu 
This  plane  section  would,  in  accordance  with  the 
choice  of  axes  previously  employed,  be  parallel  to 
the  x2x3  plane  of  the  coordinate  system.  Then 


(r0..+*..  -  a\)„.  =  pAz,  ±3 


Equations  (8),  (11)  and  (12)  are  the  basic 
equations  requisite  for  the  analysis  of  the  thick- 
ness type  of  vibration. 

The  stress  component,  T,,  can  be  eliminated 
from  equation  (11)  by  substituting  from  the 
first  of  equations  (10).  This  leads  to: 


dxi 


en 


dEj 

dx. 


Since  Si 


dxi 


,  this  may  be  written 


K  d2ut  dEt  d2ux  ,ia. 

CllT^-eila^  =  pTr         (13) 

The  term  involving  the  field  component,  Et, 
can  be  expressed  in  terms  of  the  displacement  com- 
ponent, uv  Due  to  the  absence  of  free  charge  in 
the  interior  of  the  crystal,  the  divergence  of  the 
electric  displacement  is  zero,  i.e.,  V-D  =  0  or 


dPx       dD2       BD3  _  Q 
dxi         dx2         dx3 


(14) 


However,  Dx  =  Ex  +  4*P1}  D2  =  E2  +  4ttP2  and 
D3  =  E3  +  4tP3.  Observing  that  E2  and  E3  are  to 
be  neglected,  and  that  P2  and  P3  are  related  to 
Si  and  Ei  by  the  last  two  equations  of  (10),  it 
follows  that: 


and 


dD2 
dx2 


4'H+*f°t]=0 


m,        f    as,     , ,  as,"!  _  n 


Equation  (14)  then  yields: 


d(Ei  +  4tPQ  _  Q 
dxi 


dTi 
dxi 


d\i 

at2 


(11) 


Similarly,  the  current  density  relation  has  the 
form: 


u  "  4tt  at  +  at' 


(12) 


Therefore, 

Ei  +  ±*Pi  =  C 


Pi  = 


Ei 


4x 


where  C  is  a  constant  to  be  determined.  When  we 
substitute  this  expression  for  Px  into  the  seventh 
equation  of  (10),  namely,  Pi  =  en£i  +  h*xEx, 
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and  differentiate  the  resultant  expression  with 
respect   to    X,    we    obtain,    upon    noting    that 


St 

dui 
dxi 

. 

BEx 

dXy 

471-0!  i       d2Ui 
1  +  4xfcf,    dx* 

Substituting  this  expression  into  (13)  yields: 

L1+cf1(i  +  4^fl)J^!  =  p/Cll"^-(15) 

Compiling  the  equations  basic  to  the  discussion 
of  this  type  of  vibration,  we  have  the  first  and 
seventh  of  equations  (10),  equation  (12)  and 
equation  (14),  or  explicitly: 


(a)  Tx  =  cfuS,  -  e„£, 

(b)  Px  =  ellSl  +  *£#, 

(c) 


4tt  a<  +  a* 


(16) 


fA\     l~i    .  47ren  1  B2ux  E 

(d)    L1+cf1(l+4rf1)J^=P/Cl1 


dt2 


Solving  16(a)  and  16(b)  for  St  and  P,  in  terms 
of  7\  and  #i  we  have: 


S, 


(|  +  kf,)E, . 


When  the  definition  of  stress  components  is 
changed  so  that  compressional  stress  is  considered 
positive  and  introducing  symbols  defined  as  fol- 
lows: 

s  =  r*    d%"    K  =  ($  +  "") 


the  equations  (15)  become: 
— S\  =  sY  +  dEt 

Px  =  dY  +  KEx 


*"  ~  4tt  dt  +  at 


(17) 


i  + 


W 


~]aV  _     a^u, 

jj  Bx\  ~  "  at 


<1  +  4ttK  -  4mf/s). 

Upon  introducing  the  changes  in  notation  given 
in  the  table  below,  equations  (17)  assume  the  final 
form: 


-y  = 

sY  +  dEf 

P  = 

dY  +  KEf 

id  = 

1  BEf       BP 
4tt  Bt  +  a< 

e2i 

dx2  ~ 

1   B2\ 

viae 

The  symbol 

K  is  defined  by: 

^•2 

4«f 

K'  = 


<1  +  4irK  -  W/a) 
Table  of  Corresponding  Notation 


p 

X 


Sx 

Ex 
P. 
«, 

Xi 

V 


1  +  /T 


7\ 


Note:  TTie  wse  o/  the  symbols  S,  d,  K  does  not 
imply  that  the  values  s,  d,  K  appearing  in  equations 
(17)  are  equal  to  any  of  the  sf,,  dih  kjj  appearing  in 
equations  (2).  These  symbols  are  employed  so  that 
the  similarity  of  the  corresponding  equations  for  the 
two  types  of  vibration  will  be  immediately  recogniz- 
able. 
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APPENDIX  D 
FUNDAMENTAL  EQUATIONS  FOR  THICKNESS  VIBRATION 


This  appendix  contains  the  results  of  a  detailed 
analysis  of  crystals  in  thickness  vibration.  The 
basis  for  the  analysis  was  the  set  of  equations 
(17)  of  Appendix  C.  These  were  derived  by  im- 
posing the  conditions  denning  a  thickness  vibra- 
tion on  the  general  equations  of  piezoelectricity. 
The  conditions  which  characterize  a  thickness 
vibration  are  presented  on  page  178. 

The  crystal  imbedded  in  an  orthogonal  coordi- 
nate system  is  shown  in  Figure  16.  The  large  faces 
are  perpendicular  to  the  xx  axis. 


thickness  vibration  as  derived  in  Appendix  C  are 
-y  =  sf  +  4B, 

P  =  dY  +  KE, 

l  dEf  .   dP 


ld       4tt   dt  +   bi 


(18) 


a5 

dx* 


A  ^ 
vue 


where  s,  d  and  K  are  related  to  the  fundamental 
constants  of  the  crystal  as  follows: 


Figure  16. 


We  proceed  with  the  summarization  of  the 
results  of  the  analysis.  The  basic  equations  for  the 


(See  Appendix  C  equations  (9).) 

These  equations  (18)  are  identical  in  form  with 
the  basic  equations  (8)  for  the  longitudinal  state 
of  vibration.  However,  due  to  the  difference  in 
the  orientation  of  the  electric  field  in  the  two  cases, 
the  theory  based  on  these  two  sets  of  relations  is 
not  identical. 

The  following  four  equations  summarize  the 
results  of  the  analysis  of  the  thickness  type  of 
vibration: 


(a) 
(b) 


f 

« 

I 


(c) 

(d) 


[ax  o    V   (  wLc\    .    wx~]         AFi+pE]    .     a>x 

(1  +  A)  cosf^  -  K*^j\l  +  cos^jsm^-j-/   '  ^ *     sin  y- 

[f(1  +  A)  +  <pE(l  +  K2(l  -  cos  y))} 

=  [Fid  +  A)  +  m  cos  f  -  K'F^  sin  ^)(l  -  cos  f) 

-  jiXd  +  *2)[sin  fe  (1  +  A)  -  K>  ^(l  -  cos  ^)(l  -  cos  f)] 

E(jaCo)  =  *  +  <p(&  ~  h) 

W  +  A)  =  f;[1+r(1-cosf)]  +  f!f[isinf-cos^] 


(19> 
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where 


-4 


1  +K2 


C0  = 


4ttL, 


(1  +  4ttK  -  4ird2/s) 


s(l  +  4ttK  -  47rd2/s) 


A  is  the  area  of  the  large  faces  of  the  crystal  and 
Lc  is  the  thickness  of  the  crystal.  The  remaining 
symbols  are  denned  in  Appendix  A.  The  time 
dependence  of  the  various  quantities  has  been 
eliminated  from  these  equations  (unbarred  sym- 
bols). 

The  equations  (19)  should  be  compared  with 
equations  (1),  Part  II.  The  corresponding  equa- 
tion for  the  electric  field  is  not  given  on  page  151 

of  Part  II.  It  is  Ef  =  jj. 

We  find,  upon  examination  of  the  two  sets  of 
equations,  that  the  only  terms  which  are  not  the 


same  in  the  corresponding  equations  are  those 
multiplied  by  K2.  For  most  crystal  cuts  in  use,  with 
the  exception  of  X-cut  Rochelle  Salt  K2  <  0.1. 
Consequently,  the  terms  involving  K2  may  be 
neglected  in  many  investigations  of  the  properties 
of  crystal  systems.  To  this  approximation,  the 
fundamental  equations  are  identical  to  those  for 
the  longitudinal  type.  Therefore,  when  no  greater 
accuracy  is  required  the  design  curves  of  Part  I 
can  be  used  for  the  discussion  of  the  various 
characteristics  of  crystal  systems  in  this  type  of 
vibration.  The  only  changes  necessary  are  the 
redefining  of  the  parameters  <p,  Z0  and  C0  viz. : 


*-M 


Z0  =  A(P/sf        Co 


47rLc 


(1  +  AirK  -  ^d2/s) 


For  convenient  reference,  we  tabulate  the  fundamental  equations  for  the  thickness  vibration  where 
terms  involving  K2  have  been  neglected. 

I       i  cox        .  [F,  +  <pE) 

(a)  "  = 


cox       .  \r  i  -t-  <pn\    .    cox 

™TC-J — zT~smVc 


(b) 

(c) 
(d) 
where 


[F  +  tpE]  =  [F,  +  <pE]  cos  y  ~  &zo  sin  Ye 

EiJcoO^  i  +  *&  -  \x) 
Ef  =  E/Le 


(20) 


4 


C0  =  —  (1  +  4ttK  -  W/a) 


d  A 

A  is  the  area  of  the  large  faces  of  the  crystal. 
Lc  is  the  thickness  of  the  crystal. 


Zo 


(-:)' 
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